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THE DESIGN AND IMPLEMENTATION OF A THREE-DIMENSIONAL,
PRIMITIVE EQUATION OCEAN CIRCULATION MODEL

(Publication No. )

John D. McCalpin, Ph.D.
The Florida State University, 1990

Major Professor: James J. O’Brien, Ph.D.

The development and implementation of a new, primitive equation ocean
circulation model is described. The model employs finite-difference discretization
in the horizontal directions and a linear, Galerkin finite-element discretization in
the vertical direction. A novel coordinate transformation is employed to retain

fourth-order accuracy in the vertical.

The main emphasis of this work is an extensive discussion of the decisions
concerning physical, numerical, and computational issues, including discussions
of several competitive (and currently interesting) numerical schemes which were
not chosen. The model is compared and contrasted with the current generation
of ocean circulation models. The performance of the model is %csted in several
simple cases. Finally, some future applications of the model are outlined.

A series of high-resolution experiments with the barotropic part of the code are
used to discuss the flow along a seamount chain, modelled after the the F ieberling
Guyot and its neighbors. The basic features of the flow are described and the
numerical convergence of the model is demonstrated. The full three-dimensional

code is applied to a the single-seamount geometry with a variety of amplitudes.
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Other specific results of this work include: (1) An analysis of the incomplete
cancellation of the pressure terms in the transformed coordinate system, with
a simple estimate for the spurious acceleration. (2) An analysis of the semi-
Lagrangian advection scheme used in some atmospheric models. The damping
of the scheme is described in terms of an equivalent Laplacian or biharmonic
viscosity coefficient, and formulae are derived for calculating the resolution re-
quired to obtain damping below a desired threshold. (3) A discussion of the
three-dimensional semi-implicit scheme. It is shown that the scheme becomes

physically ill-posed as the stratification of the fluid goes to zero.
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Chapter 1

Introduction

The “Grand Challenge” of physical oceanography is the description of the large-
scale flow of the world ocean and the understanding of its mesoscale variability.
It has become increasingly clear in the last two decades that numerical simula-
tions must play an irreplaceable role as = supplement to observations and analytic
theory in this quest. Barring unexpected breakthroughs in remote sensing, ob-
servations will remain far too expensive to provide a truly comprehensive view of
the state of the ocean for the foreseeable future. Analytical theories, though still
a center of vitality of physical oceanography, are ultimately unable to attend to
the level of detail required to understand the cumulative effects of nonlinearity
and the complex basin geometry that are responsible for the richness of detail of
the ocean circulation.

Numerical modelling occupies an ill-defined region between the traditional
emphases of physical oceanography and the field of applied mathematics. Unlike
the situation in meteorology and in the engineering sciences, oceanography is only
slowly coming to accept the necessity of a significant investment of personnel
and resources to acquire an expertise in the tools of applied mathematics and

computational science pertinent to ocean modelling. The questions of consistency



2
and stability of the numerical methods have generally been treated rather well,
but relatively little attention has been paid to the difficult problem of achieving
and verifying convergence in realistic nonlinear simulations.

From a philosophical point of view, the use of a numerical model takes us
two steps farther away from the ocean than analytic theories. We may view the

hierarchy as:

1. The ocean.
2. The continuous model equations.
3. The discrete model equations.

4. The computer program.

To equate the output of the computer program with the solution of the discrete
model requires the assumption that the computer program is correct, and that
the finite-precision arithmetic does not introduce substantive errors. To equate
the solution of the discrete model equations with the solution of the continuous
model equations requires the assumption that the discrete system has converged.
These assumptions are necessary before the physical question of the validity of
the continuous model equations can be tested by comparison of the model output
with observations. Therefore, this concern for convergence is not an abstract
mathematical quest, but is directed at the very practical question of verifying
that the output of the program is essentially the same as the solution of the
continuous model equations.

Ocean models span a broad range of complexity, depending on the specific
application. Although the same questions concerning the convergence of the nu-

merical methods apply to all sets of continuous model equations, the current work
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limits itself to the design and implementation of a three-dimensional primitive
equation model. Special attention has been paid to maintaining consistent lev-
els of truncation error in the differencing schemes, and to avoiding any a priori
assumptions about the relative importance of the terms in the equations.

'The model described here is among the most complex of ocean models, in-
tended for detailed and realistic simulations of ocean flow. The complexity of the
implementation of an ocean circulation model is not due only to the dynamics and
physics of the primitive equations, but is increased by numerous considerations
from numerical analysis and computational science. The calculations involved
in a large-scale model require a very efficient use of computer resources in order
to obtain answers with our necessarily limited resources. Although it may seem
inelegant, the design of this model has been significantly affected by the state of
the art of computer programming languages and computer architectures. This
topic will be discussed in some detail in the next chapter.

The remainder of this chapter is devoted to a review of the various approaches

to large-scale ocean modelling, and how the current work fits into the field as a

whole.

1.1 Review of Large-Scale Ocean Modelling

The fundamental equations governing the flow of a fluid have been known since
the last century. These Navier-Stokes equations are believed to be “correct” in
the sense of properly accounting for the various physical forces which govern fluid
motion, but they admit few useful analytic solutions and are computationally
intractable for geophysically relevant flows. This intractability has led to the

development of a sequence of approximations (based on scaling arguments) for



the fluid systems studied by various scientific and engineering disciplines.

1.1.1 The Primitive Equations

The beginning point for atmospheric and oceanic models are the so-called “Prim-
itive Equations”. These equations are a relatively straightforward simplification
of the Navier-Stokes equations in a rotating coordinate system, based on the scal-
ings appropriate to large-scale oceanic and atmospheric motions. The equations
are called “primitive” not because they are simplistic, but rather because few
approximations have been applied to derive them.

The simplifications made to obtain the primitive equations are: the hydro-
static approximation; the Boussinesq approximation; the assumption of incom-
pressibility; the approximation that the vertical component of the Coriolis force
is negligible; and the assumption that the dissipative and diffusive processes can
be parameterized in terms of large-scale variables.

The hydrostatic approximation is based on the observed fact that the large-
scale flow in the ocean is in a very strong hydrostatic balance. Scaling analysis
shows that the vertical pressure gradient is balanced by the local density to an
accuracy of at least 3 decimal digits. This approximation, while very robust
in terms of scaling, causes the most difficulty with numerical methods because
it destroys the purely hyperbolic character of the Navier-Stokes equations. Be-
cause the equations are not hyperbolic, much of the extensive theory from nu-
merical analysis and applied math is inapplicable. A consequence (discussed in
Appendix C) is that it may not be possible to produce an unconditionally stable

integration scheme.

The Boussinesq approximation states that density deviations mayv be ne-
J Y
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glected except in calculating the pressure. This is a very accurate approximation
in the ocean, though not in the atmosphere. It has the added benefit of linearizing
many terms, and making the energy terms quadratic rather than cubic.

The assumption of incompressibility removes the fast compression (sound)
waves from the equations. These are not believed to interact with the large-scale
flow of the ocean. This assumption also destroys the purely hyberbolic character
of the equations.

Finally, since the Coriolis force is neglected in the vertical momentum equa-
tions (due to the hydrostatic approximation), it is necessary to neglect the cor-
responding components in the horizontal momentum equations. This is required
for energetic consistency, since the Coriolis force is not allowed to produce or
destroy energy.

These approximations produce the “standard” primitive equations (Bryan,
1969; Semtner, 1986a). Many other decisions regarding physical parameteriza-

tions must also be made and will be discussed in the next chapter.

1.1.2 More Simplified Ocean Models

Numerical models are used in two rather distinct roles in physical oceanography.
First, they are used in “process studies” as an adjunct and enhancement to
analytical studies of idealized geophysical fluid dynamical processes. Second,
they are used in “simulation” to attempt to describe the state of the real ocean
at some specific time.

Numerous simplifications of the primitive equations have been used in at-
tempts to isolate and better understand various specific physical phenomena.

Almost all of these simplifications can be grouped into two categories: simplifica-
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tion of the dynamics, and simplification of the vertical structure. In this section
I will briefiy review the approaches and point out why the full three-dimensional

primitive equations are necessary for a general-purpose model.

Simplifications of the Dynamics

‘Two simplifications of the dynamics are commonly used: the linear primitive
equations; or, a low-order perturbation expansion of the primitive equations
about a geostrophic state.

Linearization of the equations is justified by the observation that much of the
large-scale variability in the ocean can be described by linear wave dynamics.
The linearized equations retain both the Rossby waves and the gravity waves,
and have proven to be quite useful in the equatorial regions of the world ocean,
where Kelvin wave and Rossby wave dynamics dominate the ocean’s response to
the wind (Busalacchi and O’Brien, 1980). The linearized equations fail, however,
in strong currents (such as the western boundary currents of the oceans) in which
nonlinear instabilities are important.

A perturbation expansion of the dynamics is based on the observed fact that
the large-scale flow of the oceans is strongly geostrophically balanced. Thus the
flow can be described as the sum of a geostrophic part and a small ageostrophic
part. The most common schemes result from retaining zero, one, or two terms in
the expansion. These choices yield the geostrophic, the general geostrophic, and
a variety of balance equations, respectively.

Systematic analyses of the equations resulting from the retention of one term
of the series expansion have been presented in (Williams, 1985; Cushman-Roisin,

1984). These “nearly-geostrophic” equations (which include the traditional quasi-

[SEPTNO






