
and oceans 
ELSEVIER Dynamics of Atmospheres and Oceans 27 (1997) 383-412 

Tropical-middle latitude interactions viewed via 
wave energy flux in the frequency domain 

T.N. Krishnamurti *, M.C. Sinha, Vasubandhu Misra, O.P. Sharma 
Department of Meteorology, Florida State University, Tallahassee, FL 32306-3034, USA 

Received 6 May 1996; revised 2 July 1996; accepted 29 July 1996 

Abstract 

Over the upper troposphere of the polar latitudes the zonal flows exhibit a large variance on the 
time scale of the Madden-Julian oscillation, i.e. roughly 30-50 days. The other prominent regions 
for these intraseasonal oscillations are the Asian and Australian monsoon belts. These two regions 
are separated by the so-called critical latitude, to the south of which easterlies generally prevail 
and westerlies are prevalent to the north. A perplexing issue is that of possible tropical-middle 
latitude interactions across the critical latitude. The notion of the critical latitude emerged from the 
linear theories for the wave energy flux which assume a constancy in time for the zonal flows. 
This same problem, viewed in its full non-linear context, can be cast in a frequency domain. Such 
a formulation does not assume a constancy of the zonal flows in time but does permit the 
intraseasonal variations of the zonal flows to be present. The computation of the wave energy flux, 
from the more complete non-linear system in the frequency domain, requires the handling of 
linear, quadratic and triple product terms via use of Hayashi's co-spectral method. These results of 
the present study, based on 6 years of daily global data sets, show that wave energy flux clearly 
passes from the latitudes of the monsoon to the polar latitudes. A strong convergence of wave 
energy flux in the polar latitudes suggests the tropical-middle latitude convergence interactions 
across the so-called critical latitude--when the problem is viewed in the frequency domain. 
© 1997 Elsevier Science B.V. 

1. Introduct ion 

This paper addresses the issue of the maintenance of an upper tropospheric middle 
latitude maxima in the variance in the intraseasonal oscillations on the Madden-Jul ian 
time scale. Krishnamurti and Gadgil (1985) used a year-long FGGE data set, produced 
by the European Center for Medium Range Weather Forecasts (ECMWF), to examine 
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Fig. 1. Latitude-pressure plots of the power spectra (power times the frequency) of the zonal and the 
meridionat wind components at 140°W and 90°E longitude. (a) At 140°W for the meridional wind; (b) at 
140°W for the zonal wind; (c) at 90°E for the meridional wind; (d) at 90°E for the zonal wind. These are based 
on Krishnamurti and Gadgil (1985). 

the three-dimensional distribution of  these variances. The power spectra of  the zonal and 
the meridional winds shown in Fig. l ( a ) - ( d )  were constructed following the method of  
Zangvil (1977). Fig. l (a)  illustrates the power spectra over a meridional cross-section for 
the meridional and the zonal wind at 140°W longitude. Fig. l(c)  and (d) display the 
power spectra along 90°E. The salient features in these power spectra are the upper 
tropospheric maxima in the middle and higher latitudes. The monsoonal maxima of  the 
intraseasonal oscillation, noted around 10°N in Fig. l(d), has been a subject of  numerous 
studies. The maximum over the upper troposphere of the polar latitudes has not been 
studied adequately. One of the central questions we ask here is: What  relationships exist 
between these monsoonal and the middle latitude maxima (in the variances) on the 
Madden-Ju l ian  time scales (Fig. l ( a ) - (d ) ) ?  

If wave energy flux emanating from the monsoon converges at these high latitudes 
then the issue of flux across the critical latitude needs addressing. It turns out that the 
non-linear problem of the wave energy flux in the frequency domain does not face the 
issue of the critical latitude in the same manner as the linear problem. Furthermore, there 
exists a robust picture of wave energy flux convergence in the frequency domain that 
portrays a clear t ropical-extratropical  teleconnection (across any critical latitudes). That 
is the main topic of this paper. 

2. Observational aspects of  intraseasonai oscillation 

Several observational studies have contributed to our understanding of the M a d d e n -  
Julian oscillation. Some of the observations that are important and relevant to this study 
are briefly reviewed in this section. 
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2.1. Global-scale phenomenon 

Krishnamurti et al. (1990) has shown that this oscillation is a planetary-scale 
phenomenon. The 200-mb 30-50-day filtered divergent motion field has a distinct wave 
number zero signature with almost half the globe exhibiting a divergent outflow and the 
other half dominated by converging flows. In addition, Krishnamurti et al. (1992a) have 
examined the power spectra of the zonal wind in the wave number domain for the lower 
and the upper troposphere for the entire globe. It was shown that the major contribution 
to the total variance for the Madden-Julian time scale comes from the first six or seven 
zonal harmonics with the largest contribution coming from the planetary scales, substan- 
tiating the global-scale nature of the intraseasonal oscillation. 

Fig. 2 (Krishnamurti and Gadgil, 1985) illustrates the global variation of the 
intraseasonal oscillation of the zonal wind at 850 mb for the four seasons. In Fig. 
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Fig. 2. The maximum seasonal amplitude of the intraseasonal oscillation of the zonal wind (m s- ~ ) for the 
FGGE year 1978-1979. (a) December, January, February; (b) March, April, May; (c) June, July, August; (d) 
September, October, November. These are based on Krishnamurti and Gadgil (1985). 
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Fig. 2 (continued). 

2(a)-(d), the winter season extends from December 1, 1978 through February 28, 1979, 
the spring season from March 1, 1979 through May 31, 1979, summer from June 1, 
1979 through August 31, 1979 and autumn goes from September 1, 1979 through 
November 30, 1979. It is evident from the figures that in all four seasons the amplitude 
of the zonal wind oscillation is large at higher latitudes as compared with the lower 
latitudes. Furthermore, the winter hemisphere exhibits larger amplitudes compared with 
the summer hemisphere. Despite these large amplitudes in the extratropics, it was noted 
(Krishnamurti et al., 1992a) that the percent variance of the oscillation was smaller for 
the extratropics compared with the tropics. This is related to the stronger high-frequency 
variability over the extratropics. As the Northern Hemisphere summer approaches, large 
amplitudes of low-frequency components develop over the Asian monsoon region 
extending from Bay of Bengal to W. Pacific through southern Indo-China. In the spring 
months, the entire belt of the southwest monsoon from the Arabian Sea to West Pacific 
in summer exhibits a large monsoonal wind maxima. Krishnamurti et al. (1992a) noted 
that 20-25% of the total variance of the 850-mb variability was explained by the 
low-frequency component in the tropics. 
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Fig. 3. Mean 850-mb flow field for July 1979. The southern equatorial trough is emphasized by a heavy 
dashed line. These are based on Krishnamurti et al. (1990). 

2.2. Source of the intraseasonal oscillation 

The origin of the meridionally propagating intraseasonal oscillations has been traced 
to the convectively active regions along the equatorial latitudes. Comeaux (1991), using 
the 1979 Monsoon Experiment (MONEX) data sets, noted that the eastward-propagating 
planetary-scale waves on the time scale of 30-50 days initiated the meridionally 
propagating waves as they passed over the longitudes of the southem equatorial trough 
(Fig. 3). In this illustration we show the climatological analysis of the motion field at the 
850-rob level. The emphasis here is on the southern equatorial trough, whose axis is 
located roughly along the equator. 

This is also evident in the latitude-time cross-section of the 30-50-day filtered 
outgoing long-wave radiation (OLR) and precipitation averaged between 70°E and 85°E 
for the Northern Hemisphere summer months of 1979 (Fig. 4(a) and (b)). These figures 
show clearly the meridional passage of waves in the OLR and the precipitation fields. 
They seem to originate from around 5°S which is the climatological location of the 
southern equatorial trough. Krishnamurti and Gadgil (1985) presented pressure-time 
cross-sections of the intraseasonal oscillation of the zonal wind over several selected 
points in the tropics (Arabian Sea and Caribbean) and mid-latitudes (over Northern 
Atlantic and Pacific Oceans); they noted a baroclinic vertical structure (Fig. 5(a) and (b)) 
with a phase reversal with altitude for the intraseasonal component over the tropics 
whereas in the mid-latitudes a more barotropic vertical structure (Fig. 5(c) and (d)) was 
noted. A strong upward propagation noted in the tropical latitudes (Krishnamurti and 
Gadgil, 1985) suggests a convective origin for this oscillation. Furthermore it is seen 
from Fig. 5(c) and (d) that the amplitude of this oscillation increases with altitude. 
Krishnamurti and Gadgil (1985) attribute this feature to the non-linear energy exchange 
between the barotropic transients and the strong zonal flow which increases with height. 
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Fig. 4. Latitude-time plots of the anomalies of (a) the outgoing long-wave radiation (W m 2) and (b) 
precipitation (mm day -I ) .  These anomalies are on the time scale of 30 -50  days. The arrows denote 
meridional wave propagations. 

2.3. Intraseasonal oscillation in monsoons 

Several studies have indicated the modulation of the monsoons (Indian, Chinese and 
Australian) with the meridional passage of the intraseasonal oscillations on the time 
scale of 30-50  days. There are two important time scales in the context of these dry and 
wet spells. One of these is the time-averaged seasonal mean flow field which describes 
the climatology. The other time scale is the intraseasonal component which exhibits a 
meridional passage. During its passage, the intraseasonal wave can be in or out of phase 
with respect to the climatological component. This leads to parallel and antiparallel 
geometry for these two time scales. 
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Fig. 5. Pressure-t ime sections o f  the intraseasonal component of  the zonal wind at (a) 45°E, 0°N; (b) 11.25°W, 
11.25°N; (c) 78.25°W, 56.25°S; (d) 33.75°E, 75.75°N. These are based on Krishnamurti and Gadgil (1985). 
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Fig. 6. Schematic plots of the parallel and antiparallel flows among the intraseasonal and the climatological 
components. (a) Indian monsoon wet spell (based on Krishnamurti et al., 1992a); (b) Indian monsoon dry spell 
(based on Krishnamurti et al., 1992a); (c) Australian monsoon wet spell (based on Krishnamurti et al., 1995); 
(d) Australian monsoon dry spell (based on Krishnamurti et al., 1995); (e) Chinese monsoon wet spell (based 
on Krishnamurti et al., 1992a); (f) Chinese monsoon dry spell (based on Krishnamurti et al., 1992a). 

Typical  anti-parallel flow regimes of the low-frequency mot ion relative to the 

climatological flows are illustrated in Fig. 6(b), (d) and (f) over Indian,  Austral ian and 
Chinese regions, which entail a dry spell of  the monsoon.  Similarly parallel f low 
patterns such as shown in Fig. 6(a), (c) and (e) could favor a wet spell of  the monsoon.  

Fig. 7, based on Krishnamurt i  et al. (1990) shows a sequence of parallel and 
anti-parallel flow regimes at 850 mb over India using the First G A R P  Global  Experi- 
ment  (FGGE)  data for the period July 31 to September  4, 1979. The panels  of  maps are 
shown at intervals of 5 days. Here the streamlines and isotachs (m s J ) of  the 850-mb 
flows on the t ime scale of 3 0 - 5 0  days are illustrated. The heavy solid l ine illustrates a 
clockwise gyre which denotes ant icyclonic flows over the Northern Hemisphere.  This 
gyre comes in and out of phase with respect to the cl imatological  flows contr ibut ing to 
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Fig. 7. Thirty-to-50-day time filtered flow field at 850 mb from July 31 through September 4, 1979 (at 
intervals of 5 days), based on observations (streamlines, solid lines; isotachs, dashed lines (m s -  l )). These are 
based on Krishnamurti et al. (1990). 

enhance on-shore (wet spell) and off-shore (dry spell) flows. A similar depiction of the 
low-frequency flows over China (and east Asia) is shown in Fig. 8. Here we see the 
meridional passage of  clockwise gyres that enhance (or weaken) the flows of the 
climatological subtropical high of the western Pacific Ocean. Here again the on-shore 
and off-shore flows, respectively, coincide with wet and dry spells of  the Chinese 
monsoon. A typical sequence of the meridional passage of a rainfall event over China is 
illustrated in Fig. 9. This is based on Krishnamurti et al. (1992a). Here the 24-hourly 
rainfall at raingauge sites over China is shown at intervals of  roughly 5 days. The shaded 
areas denote heavy rains. The heavy rainfall over the southeast coast of  China (June 8, 
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Fig. 11 (continued). 

1979) exhibits a s low northward motion with time, and it arrives over central China by 
the 30 June. This enhancement of  rain over central China occurred as the low-frequency 
component came in phase with the on-shore f lows of  the climatological subtropical high, 
thus enhancing the moisture supply over land. The passage of  a low-frequency cyclonic 
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component of the flow field across the northern part of Australia is known to coincide 
with the active spells of the Australian monsoon (Hendon and Liebmann, 1990; 
Krishnamurti et al., 1995). This is illustrated in Fig. 10(a)-(g) (Krishnamurti et al., 
1995). These are a sequence of 850-mb flow fields on the time scale of 30-50  days. 
Here we have emphasized the trough line by a heavy solid line and the ridge line by a 
dashed line. These illustrations cover the period March 1 to March 30, 1992; and maps 
are shown at intervals of  5 days. Cyclonic troughs of the low-frequency motion were 
located over northern Australia in the beginning and end of the month, whereas a ridge 
line was present over the region around the 15 March. These lines exhibited a poleward 
(southward) motion during this month. Rainfall distribution (Fig. l l(a)-(g); Krishna- 
murti et al., 1995) exhibited wet spells of the Australian monsoon during the beginning 
and end of the month. A dry spell prevailed over northern Australia during the middle of 
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F i g .  12. Latitude-time diagram of the zonally averaged zonal-flow anomalies on the time scale of 30 -50  days. 
The eight panels show the results at 200 mb for the years 1987 through 1994 .  T h e  heavy arrows denote a 

poleward propagation of the zonal flow anomalies, units, m s L : i n t e r v a l s .  1 m s -  ~. 
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Fig. 12 (continued). 

the month. These are the daily observed rainfall totals based on surface and satellite 
based measurements (Goirala and Krishnamurti, 1992). 

3. Data sets 

The data sets used for this research work were obtained from the ECMWF analyses 
for the years 1987-1994. These contain the daily fields at ten pressure levels: 1000 hPa, 
850 hPa, 700 hPa, 600 hPa, 500 hPa, 400 hPa, 300 hPa, 250 hPa, 200 hPa and 100 hPa. 
The horizontal resolution of the data set is 2.5 ° lat. / long. The relevant variables for this 
study included the winds, temperature and the geopotential. 

4. Linear theory 

The expression for meridional wave energy flux following the linear theory can be 
obtained from the equations of motion, mass continuity and the thermodynamic equa- 
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tion. Essentially this is the meridional analog of the Eliassen and Palm (1961) work on 
the vertical wave energy flux problem. Thus following Yanai and Lu (1983), we have, 

G O 8p 0p 

Here ~ denotes the wave energy flux across a latitude circle; ~ is the zonally 
averaged zonal wind; c is the phase speed of  the wave; u -~  denotes the meridional eddy 
flux of  momentum; tr 0 is a reference dry static stability; 0fi/Op denotes the vertical 

shear of the zonally averaged zonal wind; K "w is a measure of the meridional heat flux 3p 
across a latitude circle. 

It should be noted that the wave energy flux vanishes where ~ - c vanishes. That 
latitude is usually designated as the critical latitude. Furthermore, Krishnamurti et al. 
(1992b) have shown the zonally averaged zonal flows exhibit a large intraseasonal 
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Fig. 13 (continued). 

variability. Thus the assumption of a time-invariant zonal flow for the studies of  wave 
energy fluxes in the intraseasonal time scales appears invalid. The linear theory sees 
time-invariant easterlies of  the tropical latitudes separated from the westerlies of  the 
higher latitudes. A critical latitude exists close to this latitude separating the easterlies 
from westerlies where the parameter (~ - c) vanishes. It is apparent that we need to 
examine this problem in a non-linear context where the wave energy fluxes include the 
zonal-flow variations on the intraseasonal time scales. 

Fig. 12 and Fig. 13 illustrate the latitude-time (dally) variations of the zonal flows on 
the time scale of  the intraseasonal oscillation for 200 and 850 hPa. In these illustrations, 
aside from the alteration in sign, we note clear signals of  meridional (poleward) 
propagation of  the zonal-flow anomalies on this time scale. The maximum amplitudes of  
these zonal-flow oscillations are of the order of 1-3 m s -1. Furthermore upon closer 
inspection, we find an essential barotropic character in the data at these two levels, i.e. 
meridionally propagating zonal-flow anomalies at the two levels appear to overlay each 
other. 
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We shall next examine the non-linear problem of the wave energy flux where we 
invoke variations in zonal f lows in order to examine their intraseasonal 
contributions.(Figs. 13 and 14) 

5. Non-linear wave energy flux 

In this section we shall first derive an expression for the wave energy flux using the 
equations of motion, the first law of thermodynamics and the mass conservation law. 

The zonal equation of motion: 
0u 1 0 1 ;~ 0 + _ _  ( . 2 ) + 1  
3t Rcos  0 0A Rcos  z 0 

! ;P, 

~;!r, 

3ZL 

e;~S 

;L!5 

+ - -  - 0 ( 2 )  
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Fig. 14. Latitude-time diagram of meridional wave energy flux ~ on the time scale of 30-50 days. Eight 
separate years of results are shown for the years 1987 through 1994 here. The ordinate denotes latitude, the 
abscissa denotes day of the year. Units are J m s -  i. The heavy arrows denote channels of strong meridional 
poleward flows. 
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The meridional equation of  motion: 

av 1 O 
+ - -  ( . v ) +  - -  

at R cos 0 OA 
o 0 ( U 2  C O S  O) -~- 0119"~'-( 0")U) -Jt-fu Jr- - -  

R c o s  0 

I od, 
+ - - - - = 0  

R 00 

The adiabatic law: 

Ot ~ Op R cos O 3A 
+  o,o=o 

The mass continuity equation: 

1 0u 1 3( v COS 0 ) 0on 
+ - -  + - - = 0  

R cos 0 3A R cos 0 30 Op 

U 2 tan 0 

R 

(3) 

(4)  

(5) 
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We shall next perform a perturbation analysis with respect to the zonal mean (defined 
with an overbar) using the relations: 

u = f i + u ' ,  v ' = v ' ,  t o=w ' ,  ~b= q~+¢5', f i = f i ( 0 , p ) ,  ~b=~b(0,p) (6) 

Here fi is the zonal mean flow and q~ is defined from a geostrophic relation, which is 
the mean meridional equation of motion in the form: 

fi2 tan 0 ! aq~ 
f f i+  ~ + R a0 0 (7) 

Upon differentiating with respect to pressure we obtain the thermal wind relation: 

2~ +f ~p- Ra0 7p (8) 

Upon subtracting the mean flow equations (Eqs. (6)-(8)) from the equations of total 
flow (Eqs. (2)-(5)) we obtain the following equations for the perturbations: 

au' 2 fi au' 1 0 a 1 a~b' 
+ - -  + - -  ( ~ , , '  c o s  2 0 )  + ( ~ , o '  - -  - -  

0t Rcos 0 aA Rcos 2 0 00 ~p ) - f z '  + Rcos 0 OA 

[ 1 0 _ _  l ~, 0 ] 
- g c o s O a A ( U ' 2 ) + R c o s 2 O a O ( V ' u ' c o s 2 0 ) + - ~ - f i ( w ' u  ') (9) 

ac e 1 a 2flu' tan 0 1 a~b' 
+ - -  (r~v ' )  + + fu '  + - - -  

~t Rcos 0 aA R " R i~0 

1 a 1 a a u' 2 tan 0 ] 

1 R cos O aO ( r'2 c°s O ) + -R cos 0 aA ( c,'u') + ~p ( to'v') + - - R  

( 1 0 )  

Rcos 0 aA a p ]  - R ~ l ~ f i p ]  

Rcos00a -~p + R ~ t V J  (11) 
1 Ou' 1 a i~w' 

+ - -  a 0 ( v ' c o s 0 )  + = 0  (12) 
Rcos 0 Oh Rcos 0 ap 

On substituting for ~ 0---0 from (8) into (11), we can write the equations (9) 

through (11) as follows: 

au' 1 0 [ ,2 ] 1 ~ ~p(UO)') 
- - + - -  2 f lu '+u  +&'  + - -  (~t, 'cos 2 0 ) + -  - - f i , '  
Ot Rcos  0 0A Rcos 2 0 a0 

- R c o s 2 O a o ( U ' C ' c o s 2 0 ) + ~ f i ( o J ' u ' )  (13) 
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or' 1 O ( 2 t i t a n 0 )  1 a~b' 
+ -  ['fiv'+u'v']+ + f  u ' + - - - -  

0t Rcos0 0A R R 00 

1 a a 
- Rcos 0 00 (v'2 c°s 0) - - - ( t o ' / / )  (14) 0p 

a ( a ~ ' )  ri a ( a # ) ( 2 t i t a n 0  )off to' 
o-7 ~ +Rcos0~,~-- ~ -~' R +/  ~ + ~ o  

- R cos 0 0A ~ + R cos-~ 00 ~ 0p ] 

The derivation of the following expression for the total wave energy flux obtained on 
eliminating to' from Eq. (13) using Eqs. (8), (12), (14) and (15) is presented in 
Appendix A. 

1 [_ff_~+ u '2 1 O ['fi21Oqb' ~ ] 
- g T  - 

1 

( f -  r ) (~-~ + ~ (fl--d + 7-~)) 

1 1 Out~-12(O([) ¢ ) 

~0 ( f - -  F) Op 2 ~p 

where 

1( (u,21 
( f - r )  ( / 3 + Y )  2 O-ot p - 2 - - ~ p  

- ~ +  Y ; o ~  ~pl v' 
(16) 

and 

0 r 1 Off 0~' 
/ 3=~ t [u '  o- oap Op o" o ap Rcos0 0A Op ] 

1 ~ ( f i cos  0 )  + - - - -  + f  
Y= Rcos0O0 o" o ap 0p 

1 O~ 1 O (Oq~'] 

Oo ap R oo ~, Op j 

, ou, .  ~ ~ ( ~ + , t / "  , 
O-oOp RO0~Opl )  

F =  
1 Off titan0 1 0 

R 00 R R 00 
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5.1. Computational procedure 

In order to compute the total wave energy flux from Eq. (16), the following 
breakdown was made: F = Linear variables + Quadratic terms + Triple product terms, 
where 

Linear variables 

Quadratic terms = 

Triple product t e r m s -  - -  

o" o f - F o p  Ot Op } 2 ~r o 0p -2- -~p v' 

+ ( / 3 +  y )  2 
l 

~r o ~p 

1 u i 

f - F  2 cr o ~p 3p ] , 

1 

+.f_ 

(17a) 

(17b) 

Here the terms with overbars are zonal averages and are treated as single (time series) 
variables. All of these individual terms, for each member of the quadratic and triple 
product family, were calculated by finite differences at all vertical levels and at each 
location. These individual terms were pressure weighted and integrated for the entire 
vertical depth from 150 hPa to 925 hPa. Time series for each of these numbers of the 
quadratic and triple products were generated for each day for the 6 years of data. 

Hayashi (1980) proposed that non-linear energy transfer spectra can be obtained 
simply by taking a Fourier transform of the product of the dependent variables which are 
multiplied at the grid points. This methodology, in principle, is similar to the method of 
computing a spherical harmonics transform of non-linear equations proposed by Orzag 
(1970) and by Eliasen et al. (1970). However, some information related to energy 
exchange among individual triad of components is lost from the latter approach. 

Before proceeding to describe tide co-spectral method adopted to compute the 
non-linear terms, a few relevant definitions are presented. Any two-space and time-de- 
pendent variables u and ~ can be written as 

u = u ( A , c k , p , t )  and L' = c(A,05,p,t)  

These can next be represented by discrete Fourier transforms: 

N - I  

. j=  E U(n)e (18a) 
n = 0 

(17c) 
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and 
N - I  

vj= E V(n) e'2~"j/N (18b) 
n = 0  

where N is the total number of observations for the given time series. The sample 
co-spectral and quadrature spectra can then be defined from Jenkins and Watts (1968) 
as :  

P.(u,v) = ½Re(U.* V.) (19a) 

Qn(U,V) = ½am(U.* V.) (198) 

Where * represent complex conjugates and U. and V. are Fourier coefficients. The 
sample co-spectrum is interpreted as the spectrum of sample covariance averaged over 
time. The sample quadratic spectrum is interpreted as the out-of-phase co-spectrum 
between u and v (90 ° phase shift) 

NAt ( O r )  
Qn(u,v) = 2nTrP. u,-~t (20) 

More generally, the sample cross-spectra R.(u, v) are defined as 

Rn( u,v ) = P.( u,v ) + iQn( u,v ) (21) 

Therefore the frequency co-spectra of the quadratic terms in equation Eq. (17a) can be 
written as: 

1 ~ 1 

( 1 ( u'2 1 ~ ( ~ ) ~ 4 ~ ' l ) - P ~ ( f i , ~ 3 )  (22a) 
+ P .  f _ ~ , ( / 3 + y )  2 or 0 Op 0p ] 

While the frequency co-spectra of triple products in Eq. (17b) is expressed by: 

Pn ~ -  F' 2 tro Opt-~]--~p ] ] + Pn -f----_ F,-fi/3 u' 1 ----7 

(22b) 

The true frequency cross-spectra are defined as the ensemble average of the sample 
frequency spectra. The frequency cross-spectra are estimated by a method similar to 
Bingham et al. (1967) which entails the following steps: 
1. Removal of the annual cycle for the N observations constituting the time series 
2. Tapering of the first and the last 5% of resulting time series by multiplication of a 

segment of the cosine curve so that the ends of the series are zero 
3. Adding back the annual cycle to the resulting time series 
4. Performing a fast Fourier transform to obtain the N harmonic coefficients 
5. Calculation of the raw spectra using Eq. (18a). Consequently a running average over 

length L is carried out. This averaging provides an estimate of the spectra through a 
rectangular spectral window of band width (2L/N)fN, where fN is the Nyquist 
frequency. 
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The frequency spectra of the quadratic and triple products are inverse Fourier 
transformed on the time scale of 30-50 days to obtain their contribution to the total 
intraseasonal wave energy flux. The intraseasonal component of the linear variables, 
given in Eq. (17a), is filtered by using a first-order Butterworth filter. Therefore the total 
wave energy flux on the time scale of 30-50 days is obtained as the sum of the 
intraseasonal components of linear, quadratic and triple product terms. 

Following the above method, we have calculated the wave energy flux using data sets 
for 8 years: 1987 through 1994. In Fig. 14, we show the latitude-time histories of these 
fluxes integrated zonally around the globe and vertically through the depth of the 
troposphere. In these illustrations the unshaded areas denote northward fluxes, whereas 
the shaded areas denote negative values, i.e. southward fluxes. Overall the panels 'a '  
through 'h '  clearly show the emanation of the wave energy from the monsoonal latitudes 
towards the polar latitudes. Furthermore, a convergence of wave energy flux over the 
very high latitudes is evident from the change in the sense of propagation, i.e. south to 
north near 60°N, and in a reverse direction near the polar latitudes. 

6. Concluding remarks 

The zonal flow anomalies on the time scale of 30-50 days have large amplitudes in 
the extratropical upper troposphere of the middle latitudes. Monsoon activity on this 
time scale has been studied for well over 15 years by numerous investigators. It had 
been quite difficult to relate these intraseasonal activities of the tropical and extratropical 
latitudes because of the separation (critical latitude) of the tropical easterlies from the 
extratropical westerlies. The linear theory of wave energy flux precludes any direct 
communication across this barrier. One could think of an episodic opening of such a 
barrier during periods of extension of zonal flows beyond the mean critical latitude. 
However, we felt that there was a more general issue of wave energy flux that pertains 
to this non-linear problem in the frequency domain. We show that the assumption of a 
time mean zonal flow, which is inherent in the linear theory of wave energy flux, is not 
entirely valid on the Madden-Julian time scale. We have examined the zonally averaged 
zonal-flow anomalies over several years of data for the lower and the upper troposphere. 
We note that zonal-flow oscillations with amplitudes of the order of 1-3 m s J prevail 
in the lower as well as the higher latitudes. Since zonal-flow anomalies on the time scale 
of the Madden-Julian oscillation exhibit a meridional motion, we can think of the 
critical latitude itself exhibiting a meridional motion for the non-linear problem. In the 
non-linear formulation of the wave energy flux these intraseasonal oscillations of the 
zonally averaged zonal flows are present and the non-linear theory accommodates the 
presence of meridional zonal-flow alterations. 

We partitioned the expression for the non-linear wave energy flux into a number of 
linear, quadratic and triple product non-linearities. These were subjected to a formal 
computation in the frequency domain. This entailed the computation of co-spectra of the 
respective time series. By following methods originally proposed by Hayashi (1980) it 
was possible to obtain the latitude-time depictions of the meridional flux of the wave 
energy integrated over the depth of the atmosphere. Furthermore we clearly noted that 
there is a distinct continuity of these fluxes from the latitudes of the monsoons all the 
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way to the polar latitudes. This was based on 6 separate years of data analysis. The most 
important result of this study was the demonstration of the convergence of wave energy 
flux present at these polar latitudes; thus leading to the possibility that the polar 
maximum of the zonal-flow amplitudes on the intraseasonal time scales is indeed related 
to the monsoonal intraseasonal oscillation in the frequency domain. 

This procedure holds promise for the examination of the interannual variability of the 
global aspects of the Madden-Julian oscillation. Furthermore the length of day issues on 
this time scale need to be viewed in the context of the angular momentum budget of the 
Earth-atmosphere system. Addressing such issues in the frequency domain would not 
only provide a better understanding of the tropical-middle latitude interaction on these 
time scales but can also be revealing of the entire cycle of angular momentum and the 
length of day variations on these time scales. This approach is fairly general and can be 
used to study tropical-middle latitude interactions in other frequency windows as well. 
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Appendix A 

Differentiating Eq. (15) with respect to pressure and rearranging, we get: 

(( )°° a _l a 2 f i t a n 0 + f  - - v ' u ' - - -  u' 
V(to'u')  = ,~o ~-p R ap at ~ ap j 

on, / 
R c o s 0  OA ~ R c o s 0 a A  ap ] R c o s 0  00 ~ p  

(A1) 

a / a p ( f t o ' )  can be written as: 

a aft ato' 
ap (f to ')  to ' - -  + f 

ap ap 

Substituting to' from Eq. (15) and ato'/ap from Eq. 02 )  in the above equation, we 
obtain 

a( f to ' )  = 1 0f a[a~;b']  f a ( a th ' ]+v , (2 f t an0R .  + f )  0ft 

a T o- 0 ~p 0t~ ~p ] R c o s 0 a A ~  ap ] ~v 

o  (0o) 0(0oll 
RcosOaA - V - p - R ~  ~p Jl 

fi Rcos 0 a)t + Rcos v'cos 0) (A2) 
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Also, 
0 

~--~n ( u'o)' ) = 
P 

Substituting - -  

we obtain 

I - f +  - -  

o- o 0p 0t ~ 0p Rcos 0 OA ~ t -  R 

R c o s 0  0A 0p ] - R 0 0 ~  0p ] R c o s 0  0a 

u' 0 
( ~,' cos 0) 

R cos 0 00 
0(.'o~') 

and - -  
Op Op 

( 2 f t a n 0 )  
1 0 ( ~ c o s 0 )  + - -  + f  

R cos 0 00 R 

Ou' 

+ Ot 

or o 0p R c o s 0  0,~t 0p ] cr o 0p R c o s 0  0A 

+ -~p - ~ - - t a n 0 + f  0p o" o 0p R 00~ 0p ] 

+ Rcos 0 00 (uc° s  0) v' o" o 0p R 00~ 0p 

× 0"-A" flu' + - - -  - -  

1 0u' f 

(A3) 

from Eqs. (A2) and (A3), respectively, in Eq. (13), 

() 1 0 fi2 0 6 '  + u 

o- o 0p ~ 0p 2 

Using the thermal wind relation in the above, we get 

[ _ f +  1 0f ( f t ~ 0 ) 1  "__O/0~)( 1 0 f ) ]  
U p 

R 00 , ,  - ~ 0 0 ~ 0 p  ~oTp 

× 

1(  )21 1 l;' + - -  
R 00 o" o R cos 0 

o- o 0p 0t 

0p ] 

+ 

+ 

o" o Op Ot ~ Op ] 

1 0 
+ - -  

0 

(A4) 

R cos 0 0A 

flu' + ~b' + 2 o" o 0p 

Ot ~t tro~ p ~p o" o 8p 2 R cos O OA ~ ~p 

° 'o~P - - t a n 0 + f  + - -  R 0p o- o 0p R 00~ 8p ] R c o s 0  00 

o- o 0p R 00 ~ v' = 0  tro 0p 0t ~ 0p 

( fcos  0) 

(A5) 
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1 u 1 3 Odp' 
+-----~ (jS+y) 8p 

f - 2 o" o 

- 2 cr o ap t 2 - t  a~b' V t /  
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