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ABSTRACT

A non-linear, three-dimensional spectral model on a B-plane is
developed to study the relative roles of some energy sources for tropical
waves. In particular, both the north-south shesr of the zonal wind and
CISK (conditional instability of the second kind) are included. Energy
exchanges, growth rates of waves and pressure levels of maximum wave
activity in the presence of various specified vertical profiles of
latent heat are studied. Radiative effects are included in the form of
Newtonian cooling; they play a minor role. Latent heat is parameterized
in terms of boundary leyer convergence of moisture. Dissipation is also
included.

The quasi-geostrophic model includes four layers, three in the
troposphere and one in the stratosphere. The top of the boundary layer
is teken at the 900-mb level and its effect is described by frictionally
induced vertical velocity and surface dissipation. The initial state is
an idealized form of observations taken in the Marshall Islands.

Important results show that when latent heat release decreases
with height and is maximum at low tropospheric levels, the eddies ini-
tially are generated and maintained barotropically and then CISK assumes
a dominating role. When heat release increases with height, whether or
not it is large at the lower troposphere, CISK dominates at all stages
of the wave development; the barotropic mechanism, however, is still

important.
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important.
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In the absence of sources and sinks, the most unsteble wave is
of scale 3000-km with an initial growth rate in e-folding time of 5.5
days. This is found at the lower troposphere, while the larger scales
of 5000-km and 10000-km dominate at the upper troposphere. These re-
sults are, in some important ways, modified when various vertical pro-
files of latent heat are applied. In particular, the initial growth
rate of the low tropospheric 3000-km wave in e-folding time is three

days when latent heat release is maximum at the low levels.
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CHAPTER I
INTRODUCTION

The present investigation of energy sources and some properties
of waves in the tropics is mainly theoretical and has been motivated by
a number of recent theoretical and numerical studies on tropical motions.
The objective is to use a theoretical model which can combine a number of
possible energy sources for tropical disturbances and study their relative
roles under imposed time-dependent external sources and sinks. First, a
review of the relevant background will be presented.

Essential problems in the tropics deal with the explanation of the
mean zonal motions (e.g., easterlies, ITCZ, jets) and the generation and
maintenance of tropical asymmetries on all scales. The latter, no doubt,
interacts non-linearly with the zonal mean motion and quite possibly with
mid-latitude systems. Dickinson (1971), in a theoretical model, studied
the maintenance of the zonal wind distribution by momentum and heat
sources. He also explained some aspects of the coupling between the
tropical and extratropical symmetric circulations. Charney (1968), on the
other hand, concentrated on the generation and maintenance of the zonally
symmetric ITCZ which is the primary source for the tropical Hadley circula-
tion. He attributed the source of energy to latent heat release in narrow
zones which parallel the equator and are about 5° to 15° away from it.

Concerning tropical waves, four possibilities of energy sources

exist: (1) baroclinic instability which depends upon the vertical shear
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exist: (1) baroclinic instability which depends upon the vertical shear

of the zonal wind, (2) barotropic instability of the zonal easterlies
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which depends upon the north-south shear of the zonal wind, (3) CISK
mechanism which depends upon the release of latent heat and (4) forcing
from mid-latitude motions. No theoretical model hag yet been constructed
to include all these mechanisms in an organized manner and study their
reletive importance in the evolution of tropicel waves. However, progress
has been made in numerical simulations of tropical flows which include
gome or all of these mechanisms (see Manabe et al., 1970; Krishnamurti,
1969; end Fike, 1971).. Also, theories concerning the possibility of each
of these sources in exciting some tropical waves have been developed.

Barotropic exchange of energy between the zonal easterlies and the
vaves has been suggested quite early by Palmer (1951) and Yanai (1961),
but a theoretical linearized model was not presented until 1969 by Nitta
and Yanai. They showed that small perturbstions superimposed upon a
realistic profile of surface zonsl easterlies can be more unstable than
waves eimbedded in the westerlies and there exists no upper limit to the
vavelength scale which can become unstable (see Kuo, 1949), The most un-
stable wave with respect to a mean zonal»current_in the Western Pacific
has & wavelength of 2000 km and an e-folding growth rste of 5.2 days.
No CISK mechanism was allowed in this study.

The possibility of exciting tropical waves by latent heat has
been demonstrated by Yemasski (1969) and later by Holton (1971). 1In a
multi-layer linearized model with fixed vertical shear of the zonal wind
and Various vertical latent heat profiles, Yamasaki (1969) has demon-
strated the possibility of exciting waves of 2000 to 4000 km and waves

of 6000 to 12000 km. The first group is induced by the combined effect
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of 6000 to 12000 km. The first group is induced by the combined effect

of heat, verticel wind shear and surface friction. The second group of
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larger scale waves depends largely upon heat released in the upper tropo-
sphere and cen exist in the absence of vertical wind shear. The amplitude
of the larger scale wave is largest in the lower stratosphere. In the
smaller wavelength group he finds that for vertical heat profiles in'which
heat release is small in the lower troposphere and large in the upper tro-
posphere, a wave of 2000 to 3000 km with a steering level (ES) is excited
and it can grow with little vertical wind shear. In contrast to mode (ES),
a mode without a steering level (E) has a smaller growth rate for large
values of vertical wind shear. The model is two-dimensional and excludes
a barotropic mechanism.

The possibility of foreing from extratropical motions has been pre-
sented by Mak (1969). A relative comparison of this mechanism with any of
the above has not yet been made.

In an effort to study the role of asymmetries upon the zonally
symmetric ITCZ of Charney's (1968) model, Bates (1970) devised a two-level
non-linear model. He pointed out the importance of waves in a description
of the general circulation. In particular, he introduced the possibility
of the existence of a correlation between the perturbation part of the
latent heat parameter n' and the perturbation Ekman vertical velocity w'
(i.e., ;TBT). The correlation of the zonal asymmetries n' and w' can
maintain the north-south shear of the zonal current which in turn allows
for barotropic exchange of energy. He found the most unstable wave to have
a wavelength of 2000 km and an e-folding growth rate of 3 days. In the
two-level model, it was not possible to study the effect of various verti-

cal profiles of latent heat upon the stability of the various scales.
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cal profiles of latent heat upon the stability of the various scales.
Neither was it possible to study the dependence of wave instability at

different vertical regions in the troposphere.
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In the preéent model, three sources of energy will be studied in
a non-linear four-layer model. These”consist of the barotropic and CISK
mechanisms in the presence of time-dependent vertical shear of the zonal
wind which evolves with the dynamics of the model. The relative impor-
tance of the north-south shear of the zonal wind and of latent heat re-
Jlease in generating and maintaining tropical waves will be discussed.
Most unstable waves and their growth rates will be investigated at
various pressure levels. These will be done in a number of experiments
which exclude sources and sinks and some which include different vertical
profiles of latent heat. Wave-wave interaction is also allowed.

Results from the present investigation apply only to regions in
the tropics which possess similar initial basic structure as selected
here. To describe such a structure, a brief review of observational
studies in the tropics will be given.

Observations in the tropics are limited to certain areas. Suffi-
cient datahave been accumulated in the western parts of the Pacific and
Atlantic and some studies were done with data from the Caribbean Islands
end the Marshsll Islends. Two approaches of analysis have been used and
the results do not always agree. The best known synoptic models are the
equetorial wave model of Palmer (1952) and easterly wave model of Riehl
(1954). Both Palmer and Riehl concluded that the wavelength of tropical
disturbances in the lower troposphere is about 2000 km and their westward
phase speed is 13 kt. The maximum amplitude of the easterly wave found
by Riehl is found at about the 600 mb level. Using time series spproaches,

Wallace and Chang (1969) found the wavelength to be of scale 3000 km.
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Wallace and Chang (1969) found the wavelength to be of scale 3000 km.

Nitta (1970) and Yanai et al. (1968) found it to be 50006000 km in western
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pPacific and 8000-10,000 in eastern Pacific. More observations are needed
to resolve such disagreements. However, there is agreement that larger
gcale waves dominate at higher levels and smaller scale waves at the lower
troposphere.

What types of basic (zonal) flows exist in the tropics which can
become unstable with respect to perturbations? A number of these have
been presented, but here we shall focus our efforts on the structure of
the 2zonal wind and zonal potential temperature which are sometimes found
in regions of the ITCZ (Nitta and Yanai, 1969; Pike, 1971).

Fig. la (Nitta and Yanai, 1969) illustrates an average latitudinal
distribution of zonal velocity and absolute vorticity at the surface, 1000,
850, 700 and 600 mb levels for Marshall Islands during June 1958. At the
surface and at the 1000 mb level, the gradient of absolute vorticity
changes its sign at about 8°N and disturbances are expected to amplify
barotropically at these levels.

Fig. 1lb, taken from a numerical experiment by Pike (1971), shows
the latitudinal temperature profile. Features of utmost importance are
the maximum in temperature at about 8°N and the minimum at the equator,
which is attributed to upwelling aﬁd vertical mixing in the ocean's sur-
face layer. Saha (1971) and others before him have noticed a maximum sea
surface temperature in the vicinity of the ITCZ and lower temperatures
near the equator. Manabe et al. (1970) concluded from their numerical
experiment that a continuous supply of energy from the warm sea surface
influences the location and intensity of the ITCZ. Further details of

an idealized initial state suitable for the present problem will be
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an ldealized initial state suitable for the present problem will be

pPresented in a subsequent chapter.
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1956 (Nitte and Yauei, 1959), (b) surface initisl potential temperaiure
profile, cold equator cese II (Pike, 1971).




CHAPTER II

THEORY

A quasi-geostrophic theory on a B-plane will be assumed to govern

the motions of tropical disturbances. This balance is justified so long
as the dynamics under consideration occur at latitudes sufficiently away
from the equator. Validity of quasi-geostrophy is determined by a small
Rossby number and a small ratio of north-south scale of motion to the
planetary radius as explained by Phillips (1963). The theory is not ade-
quate to explain properly the dynamics of the symmetric state or the main-
tenance of a narrow zonelly symmetric ITCZ. Since our efforts will be
focused upon the dynamics of the asymmetries in the basic state, the 0T
zonelly symmetric basic state which will be selected here will be idea~-
lized to include the important energy sources which exist in the ITCZ.

The location of the ITCZ and its detailed structure will not be studied.

When heating and dissipation are included, fhe governing equations

take the form presented by Lorenz (1960):

vorticity equetion,

%vz‘p = -J(¢,v2¢+f)+fog-‘£’—)+Avhxp-gEoVX%; (1)
thermodynamic equation,
= L5 (1,0) + o (B) w2 (R /D) H (2)
9 S oawsvso v oaeswot o nagrps owos \g)
P




palance equation,

p X '

e = - O g2 2L (3)
C 0 K
P 9p

An w-equation will be subsequently presented (see Appendix). The static

stability is a function of pressure only and is given by

THE

This allows the use of available potential energy in place of potential
energy. Definitions of other quantities are listed in Table 2 of Chapter
IV. Typicael summer values for o are taken from Jordan (1958).

These equations are energetically consistent in the sense that the
sum of available potential energy and kinetic energy is conserved. For a
proper investigation of the basic state, a different balance of terms exists
in the equations of motion where in particular the Coriolis parameter f must,
be kept variable everywhere it appears. This is of crucial importance in
the generation and maintenance of a realistic zonally symmetric ITCZ (see
Charney, 1969).

Using scale analysis concepts, Charney (1968) and Wallace (1971)
have shown that the mein balance in the thermodynamic equation exists
between cooling by adiabatic ascent and warming by release of latent heat.
Radiation plays a minor role. Holton (1971) has verified this in a linea-
rized numerical model. It is with such notions that the present study will
proceed. Krishnamurti (197la) however, in a study of a more extensive area
for the summer season in the tropics concludes from observations of 200-mb

summer data that radiation can play a significant role. Frank (1970) in-

for the summer season in the tropics concludes from observations of 200-mb
summer data that radiation can play a significent role. Frank (1970) in-

Vestigated the maintenance of upper tropospheric cold cyclones and
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spgculated that radiational cooling in the cyclone center was important
sn order to convert potential energy to kinetic energy of the cyclone,

i.e., for a direct circulation to occur.
The w-equation,besides its importance in providing vertical-motion
fields, serves the purpose of keeping the potential temperature field in
quasi—geostrophic balance with the stresmfunction field.

The vertical continuous structure of the atmosphere is replaced by

a discrete number of leyers; all variables and operators are subscripted

with J increasing upward. The equations take the form

3 .2 2 0
—V . = -~ J 3v ’.+f . - s
2t \PJ (‘PJ VJ ) + (PJ__l . Pj+l) (wJ—l OJJ+1) +
— — (L)
~ T - - T .
+Avhd’j*€k°vx(j1_PJﬂ> J=1,3,5 T
=17 T
B g = - J (v 6)+ow+-l—(P/P)KH j=2,k, 6; (5)
at ] 377 373 e, Oy > 1 D5
p K (b, o = v...)
v2%e, = - -0 p ¢P o=l I J=2,4 6. (6)
j C O (PK - PK ) i
P -1 7 Ty

The streamfunctions for even J are assumed to be linear functions

of pressure,

o

<
il
wi-
~~
N
<
S
[a]
+
<

and \,b 1 =

1l

and y 1
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paremeterization of heating

The heating function is divided into a latent heat part HL and

radiation part HR.

(i)

(ii)

Radiation is incorporated through Newton's law of cooling. This
assumes the atmosphere to be in radiative equilibrium with the
earth's surface which is taken to be a uniform ocean. Thus,

L

(e

K _ = .
P(PO/PJ) HR - hj (9*—6,) 5 3_23 )4: 6:

where values for the radiative relaxation time are taken from Peng
(1965) and are presented in Table 2 of Chapter IV. The forcing
potential temperatures 8% in radiétive equilibrium are computed from
a latitudinally verying sea-surface temperature in radiative equili-
brium given in a formula by Charney (1969).

Latent heat is parameterized in a simple linear fashion after the
ideas introduced by Ooyama (1969) in hurricane models. Rosenthal
(1967) was the first to incorporate such parameterization in
synoptic-scale studies of tropical disturbanes. In the present
model we use

1 K
—_— = - * j = :
c (PO/PJ) HL Gj T]J. wr J 2’ )"‘5 6:

where n, has no horizontal variation, i.e., the heating is uncondi~

J
tional. This implies heating in regions of ascent and cooling in

regions of descent and hence larger horizontal temperature gradients

than would otherwise result. This can be reconciled by selecting

regions of descent and hence larger horizontal temperature gradients
than would otherwise result. This can be reconciled by selecting

smaller values of n than have been used in other studies such as
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Bates (1970). Thus, computations of available potential energy due

to latent heat which depend upon horizontal temperature gradients
can become meaningful. The time-independece of nJ is more serious
because it does not include an inhibitive factor in the release of
latent heat; i.e., when environmmental temperature becomes that of
the convective element, no more heat should be released. This limi-
tation will not allow a proper investigation of the dissipative stages
of tropical disturbances, but is not serious for many aspects of the
growing stages. It also eliminates a source for the maintenance of
the basic state which can become importent in the study of the ITCZ
(see the term n'w*' in Bates, 1970).

The importance of linear heating depends most upon pumping of

moisture from the Ekman boundary layer. This is done through an

Ekman-suction formula derived by Charney and Eliassen (1949)

|
o= sin 2a ‘/% Y0 .2,
&Pyt 2 1

where o = 22.5°, cross isobaric flow, AV = 105 cm2 sec—l, kinematic

eddy viscosity coefficient.

The convergence of moisture in the planetary boundary layer
is proportional to the curl of the surface geostrophic wind stress.
The largest amounts of moisture and potential buoyancy occur in the
boundary layer and hence latent heat release depends largely upon
suction of moisture through the top of the boundary layer.

We may remark that n is allowed to vary in the vertical. This

is a key feature in studying energy changes of waves.

We may remark that n is allowed to vary in the vertical. This

is a key feature in studying energy changes of waves.

—
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Dissipation

(i) Surface friction is proportionel to surface vorticity, i.e.,
—8 7. = 2
k Vx 1 Kl v wl

Kl is given in Table 2 of Chapter IV.

(i1) At higher levels, internal vertical dissipation is parameterized

in the conventional manner.

where p'j is density of air at level J and is computed from the

equation of state,

and mean temperatures are selected following Peng (1965).

If V, = k x V§,, then
J J

(t, . = T,,.) \
- J-1 " g+’ _ 2 Cy 2
k o VX = K V(Y. - - K v - .
J=1, 3, 5, Ts
where K is computed from P,, T,, and y, is assumed to be
2, P SN L M3

inversely proportional to the static stability oJ.

Also
K, . = K 11~ Tey)
1,3 2,j+2 (Pj—l - PJ+1)

A th. a?d A is assumed
1

(iii H . . . .
) Horizontal dlffu51og 35 rebrgiggged\p, ja1

]

(iii) Horizontal diffusion is represented by A V wj and A is assumed

to be independent of height.
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The w-equation can now be written in full, including dissi-

pative and heating terms and in vertical finite-differenced form,

K K
c o Efi:l:fiill ng +f2 Y3-2 _ (PJ‘22P3+2) w, + ( Pyre )
p°3 PS i to t%_gyj) (P&QJB)PJ£JﬂQ 3 %_%+2-
3y, Y
- 2 2 j=1 J+1
= Lo [T 15Ty g) = Ty T )]+ efo[ B~ Ty ]
+ SP—(PK P )25 (v 0. )+f AT )+f |K iy, - )
O R | Vo0 4 TAY Wy =Wy 018y 51V Wi1mVss
0
e v2(w W) (P, ,-P +2) . (Pj+2-P:+h) 2 )
1,j+1 J+1 T5-1 (PJ_2—PJ) 1,3+3 (PJ—PJ+2) j*3 J+l‘
(P _-PX. )
- c __51:'.]:__& Ve(h(ﬁ*—e) - onw*] .
p pK

The finite difference set of equations, in absence of dissipation
and heating also conserves the sum of available potential energy and
kinetic energy. The vertical differencing consists of U layers, with
one lsyer in the stratosphere (Fig. 2). Streamfunction Y is described
at odd levels and w,08,t at even levels. The boundary conditions for

the vertical motion are

wg wg = 0.

Spectral equations

The horizontal dependence of the variables y, 6 and w is expressed

in terms of truncated series of double-Fourier functions.

'ne norizonta.l daepenaence Ol TNe varliables Y, U diu w 1S CApresseu

in terms of truncated series of double-Fourier functions.
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Fig. 2«Vertical resolution of the nodel,
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f % o) T
y = v ot
m=-3 n=-1 o
3 1 ' 1
v = 3 7 oo(m? k2 + n'%®) oy () Fi,
m'=-3 n'=-1
g % m m
8 = 6. (t) F
m=-3 n=-1 " n
f % mo(t) T
w = w_ (t
m=-3 n=-1 n n
oo ei(mkx+n£y) g ei(m'kx+n'2y)
n ? n'

and m, n, m', n' are dummy indices which represent east-west and north- -
s 1%

south wave numbers, respectively, and

_ar o
ko= =5 L=

where K, L are dimensions of the bounded region of the B-plane given by
(0,K), (0,L). They are also the fundamental wavelengths in this domain.
m

The complex coefficients of wﬁ, en, and wﬁ are given as in the following

example, by the transform of Y(x,y,t),

K (L .
é% fo Jo Y(x,y,t) o~ (mixtnly ) B

m _ . m
wn(t) ax dy = b o t) ~ i ¥, n(t)

and wl ﬁ, ¢2 2 are the real and imaginary parts of ¢§. We should also
note thet not all equations, in spectral form are independent because of

the properties of conjugates, i.e.,

TN m —-TN m

the properties of conjugates, i.e.,

-m n _
Y9.on 5 Y10 Vo = - V¥



These functions are p

domain, i.e.,

l,]

Expressed in terms of

K (L
dx dy

070

16

eriodic and orthogonal over the fundamental

0 if m#m', n

KL

if

time-dependent spectral coefficients, the

governing equations become, after separation into real and imaginary
parts,
! ° 2 mn " s m"_ 1 ' 3 "W_mt 1
(i) q’i]_ n' = Z' X'C(m ’n" am'an')(d’a}_ nll_:‘;:' wi I;:l - wg 11111"—11111' w% ﬁl)
m' n
- 1 +l "
" 1" (w:?- l ?;.” ~ mij- m” 1" " n j m”
- £, D(m",n") (Pj—l - P3+1) + Bk D(m",n") Vo ot
j mll 3—2 mll mll j+2 m"
S G i) BE SN u&zﬂ v )
A ,j m"
- D '(m' n"nu) ‘l’l nn
| o3 ;" _ m"-m' n' J n''-m' I '
(1) 93 g = L IZ!'C(m"»n",m',n')(wg ORI - B - ROl )
(mj-l m': - J+l m 1
2 n' 2 n" jm
- £, D(m",n") - 8, m"k D(m",n") ¢
0 ? (p -P...) 0 ? ln
J-1 J+l
mll _2 m” ml! +2 mH
- Kl,j (¢g n" wi n") - K2,j (W% n" ~ wg n")
J J—c wm J oo Jre w
ST R (ST ) B N (R )
A j mll
e D (mn,nn) \be nn (l)
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¢(n",n",m',n") = k& (m'2k2+n'222)(m”n'—m'n")/(m"2k2+n"222)

and
D(m",n") = 1/(m"2k2+n"2Q2)
hy 'J m" - n " ' 1 vj m"—m' j m' lj m“_m‘ J m’
(1) " é' gv Aln",n",m" 0 )(¢l n"-n' %1 nr T V2 prpe 92 n')
1" 12 1" Y -Q 1"
Jm ju'  gm "3° 1m
+ gj w3 " + hJ (6*1 o' T SJ n") - D@ ,n™) wl n"

! «j m" _ ' j m"-m' _Jm' jm"-m'" jm
il) 92 n" - nXI' Izl' A(mngn',m' ’n')(wl nll_nl 62 n| + we nll_n| el n']

. . n,o.Q i
3 m" xJ m" 3 m" ___J__J___ 1m
Oy wo g by (e 2"~ % gl - Dm",n") Y2 n"
j=2,46 (2)
there
A(m",n",m' ,n|) — k'q' (mln| nllm;)
d
Q = sin 2a \/AV fO
0 f 2
K K
" (P. P ) . " n
i Jm® j-1 +17 ¢ 3-1m"  j+lm
) 61 n fO/cp oK (wl n" wl n"
0

j=2,h4 6 (3)




K K J-2 m
c 9 (Pj_l-Pj+l] gm oo " (PJ 2—PJ+2) -
- Wit P P (P, P (PP ) ¥
D(m",n") Pg =273 -27 §+2 n
wJ+2 m”
1 n" +1 m —m' J=1m'
+ = = f ) ) F(m”,n",m',n')l:(kb'J y ¥ , -
[PJ—PJ+2) 0 4 ot 1 n'"-n' "1 n
J-1 m —m' J-1 m' j+l m"-m'  j+1 m' g+l m —m' j+l m'
-V pen Yo ) (¢ n'ont Y1 nr V2 ptonr VY n')J *
K K
. i c (P- -P, )
n Jj=1m" +1 m J=1 " j+1 noon oy
+ Btk (W™ e - vy ) - P ] ] nt et 0t
P m' n
0
( J m _m e(j ml J m"—m' .j m‘) fOA ('J‘--l 1!1" j+l mll) .
Y1 pent 91 T Vo piopr % ) - w2 W T Y1
D(m" ,n")
+ foky 501 wJ -3m" o K + K (P1 2'Pi+2) wj—l m"
D(m”,n") 1 n" " D(m",n" 1,3-1 1,j#1 (P J 5 P ) /1L n"
1" 1" » 1
D(m",n") |71,j+1 PJ_Q—PJ 1,3+2 -PJ+2) 1 n
K K
o o B ®ia) s ST
D(m 51 ) 1,j+3 (Pj_Pj+2) 1 D(m",n")P;
J m j m" 1 m

For more detail on this equation reference is made to the Appendix.

(ii1) A similer equation exists for the imaginary part of W) 1, Where

2 n

Tl n" mt n!) = 12 2\ (m'"mt! o %
(1)

{11) A similer equation ex1sts or the 1mag1nary part o] ", where

F(a",n",m",n') = (m' 2k2 + n'2 2) (m"n' = n"m'")

L(m",n",m',n') = (m"2k2 + n"2 2) (n"m' - m"n")
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o . . 0 0 .
As was done for wo, isobaric means 60 and wy are also omitted.
When we use the concept of available potential energy, the isobaric mean
potential temperature is not required. The total number of first order
coupled and non-linear differential equations is 140 and the number of

algebraic equations for w reduces to 20 matrices of order 3 by 3 each.

The north-south resolution is given by

wJ(y,t) = Q(wi g(t) cos Ry + wg S(t) sin y)

and the east-west number of waves is 3. We group these components in

the form,
ultra-long wave (1,0), (1,1), (1,-1)
long wave (2,0), (2,1), (2,-1)
short wave (3,0), (3,1), (3,-1)

This allows a north-south variation of the trough lines. When the
scale of domain is selected, the wavelength scales are then determined
from wave numbers m and n. The spectral equations, in the absence of
sources and sinks, conserve the sum of kinetic and aveilable potential

energies.



CHAPTER III

ENERGY AND ENERGY CONVERSIONS

Energies of the various waves at various levels comprise an
egsential part of the present investigation. Wave instabilities in the
linear sense (when the perturbation amplitude is very small) and energy
conversions in the nonlinear sense can determine the most unstable modes,
energy sources and sinks, and the pressure levels at which they exist.
To achieve this end,we present a schematic energy diagram and formulate
the necessary energy expressions (Fig. 3).

In the energy schematic diagram, the objective is to determine the
directions of energy flow and, in particular, the relative magritudes and

and [K, « K

directions of [AE ¢ K 7 E]

E] which represent, respectively, the
conversion from eddy available potential energy to eddy kinetic energy

and zonal kinetic energy to eddy kinetic energy. The former, in the non-
conservative get of equations is primarily maintained by eddy conversion
from latent heat to AE’ i,e., L [HE . AE], and hence represents part of
the CISK mechanism. The latter is a barotropic conversion. Other symbols
in the diagram are described in Table 1.

(1) The definition of available potential energy as formulated by

Lorenz (1960) can be written as

“p [ et (6-5)°

A =
AmK o(P) dnt
KC -2

A = __P_I PK'lM_ aM
2pf Ju o(P)

20



saxeudsodoxy sus Ior arsdo A£Brsus oysTusyoe~f 214

2l
]
—
w

x
~N

X

—

s

Avd

=[ Ty
= 3y
=[?v- 2K
(v
< uﬁ Nd..NIgm
=t
=] Zv-7H]



22

Table l.-Energy quantities

Quetity Definition
AZ Zonal available potentisl energy
AE Eddy available potential energy
KE Eddy kinetic energy

KZ Zonal kinetic energy

[AZ . KZ] Conversion from A, to K,

Conversion from K_ to K

Z B
Conversion from AE to KE

Conversion from AZ to AE

Zonal latent heat conversion to.AZ

Zonal radiation heat conversion to AZ

Eddy latent heat conversion to AE

Eddy radiation heat conversion

Dissipation of eddy kinetic energy
Dissipation of zonal kinetic energy
Transfer to stratosphere of energy flux
Transfer of KZ to stratosphere by shear drag

Transfer to stratosphcre of KE flux

Transfer to stratosphere of K_, flux by shear drag

B

S
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or when P is expressed discretely and dM is expressed in terms of

pressure, by using the hydrostatic equation, the expression reduces

to
K K
c (T . - P2 ) (K (L
B, = 5 i-1 , J+1 J J 52 ax ay
0
K K
c (Pj_l - PJ_+1) KL,
%5, T Zgo K 6, ax dy

where the overbar denotes zonal average and the prime denotes a
deviation from it. In spectral form, after applying the ortho-

gonality property, the expression becomes

P, -P 1
A, .+ A S _p 1T yn % Y e, 1o, ™
2, E,J 2g0(j PoK me-3 ne=-1 9 B J -1

AJ represents the quantity for the layer between Pj-l and Pj+l
per unit area.

(2) The definition of kinetic energy is given by
2 2
E = % L7 I K1) aM
2 M ox oy

A I

or

J 2g

when expressed in vertical finite-difference form. The spectral

form of the kinetic energy between the levels P and P +1 takes

J-1 J
the form,

form of the kinetic energy between the levels rJ ] @na rj+l Lanes

the form,

31 -
1 2 2 22, m,  -m

E, = K, ,+K, . = == ) b (nkT + 0%y v,

J Z)J E:J 2g m=_3 n=-1 J n J =




ol

(3) Time rate of change of available potential energy is given by

K K e

L s T S
T © o p Oy 5t | &I
&9 P 0Jo LY
0
K K
ahg ey Pl -PLo K Do
at - go p 0" 7| &Y
895 P 0’0

The derivation of the expression is straightforward and makes

use of the thermodynamic equation. The final results become,

an c P - Pf
2% D d-1 Jrl T TaT Ty
& T g o~ f I R
J
0
+ c. w, 6, +H,68.) dx a
J I ( J 3 J ) y
and
c PK K
dA., . i1 T -
B = B = I f 6 J(y',0!) dy
ae 89 p< J*d
0

K L
+ J J (ow'd8' + H'8') dx dy

The various terms in the integrands represent the following energy

conversions,

o, J(p',0) d
. %3 wJ, J) y

c - P
p j"’l .'-l+l T _m' m1 0
Z g0 . K Z" Z. z. min” k2 Vi _(n"n)% no O an

c P - P$

j=1 g+l
Sy
j J PO n" m

[} 1
1., 11 - m 0
L m'n’ kg lPJ —(n"’-'l’l')ej n' °jn

E




L e (P% P )
-1~ “grt = =
R[H-A]=Z[ 2 T2 8, (8% - 0,) ay
A z ; go K JoJd 3 J
J ‘0 J PO
c [PK P )
R RCTEN
J J Po n'
Lec (P$ . -P% )
H + A - _p J-1 J+l . 'é— V2 —- a
L(H, « 4] Hog = n, Q8 VY, dy
0
K K
c (P ) 1
- Z 7? j-1 - j+1 nj Q Z '22263 n‘wl g'
1
J Po n'=-1
K K
c [P_ )
. _ p j-1 Jtl 7
R[HL « Al = ZJ s ” h, e'(ejje' - 0') dy
J J P
0
p*  _ p
=ch(j—l i+l)hzze'm(%m-em'
3 goJ pX I oo J J n' J n'
0
e (PY . - P —_—
L Al = p V-1 0 ev2 g
[ - Ap] JZJg = ny @ 01v7y) ay
0
K K
c ( P ]
= -2 R NS) I,
J & Pg m'
2 .2 2 2 - m'
(m' k" +n'" 27) 0 J _Irlll' l‘bl n'

The quantities o w6 and ¢ w'6' are baroclinic terms and will be
discussed in a subsequent section.

(4) The time rate of change of kinetic energy in the troposphere is

discussed in a subsequent section.
(4) The time rate of change of kinetic energy in the troposphere is

given by
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ax oy

_Z _ _1 T gl dy
Tl _gg(pj_l_Pjﬂ) ij V< 9t

g 1 9
& T -g§ (By_1 - Byud) f by o? T W

Z 1 - v g2y
T ° 3 _): (Pg-l'PJ+1)f by J(y!,v lPJ) dy
J=1,3
21 G- B 53
g jLp ) a1 T Vynd) By W T ) Vs g @
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where the last term represents the vertical transport of zonal

kinetic energy across level 6 due to shear drag.

kinetic energy across level 6 due to shear drag.
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The last term represents vertical transport of eddy kinetic
energy across level 6 due to shear drag.

In the above expressions a number of terms have a dual function
when computed at level 6; this level separates the troposphere from
the stratosphere. They allow for kinetic energy flux across level
6 and a partition of baroclinic energy conversion into the levels
below and above level 6. These terms assume the following form
when the thermel wind equation and the linear interpolation of

stream functions are used,

K

K
£le= .  tf-z— . 1% @s=PB)y__
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£l g = L (gm a1 Fn
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| T - £ 3 2 Rp25 U | BTar
0

The first terms on the right-hand sides are the flux terms and
the second terms are the baroclinic conversions. Their spectral
form is similar to some of the previous expressions.

By comparing the signs of integrands in the above list of in-
tegrals, the following are found to be the appropriate energy
conversion formulae. The subscript S refers to stratosphere and

T refers to troposphere,
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The remaining expressions represent flux terms through the tro-

popause and will be discussed briefly in Chapter V. The subscript

F will refer to energy flux and D to energy flux through shear drag.
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Further decomposition of various quantities of energy into
ultralong, long, and short waves have been done for separate layers.

These are computed and compared at various stages of wave evolution.




CHAPTER IV

PROCEDURE AND METHOD OF SOLUTION

In this chapter descriptions will be given concerning the method

of numericel integration, initial analytic fields, details of eight ex-
periments and values of necessary constants.

The numerical scheme selected for integration of the equations
in the present model is the fourth-order Runge-Kutta method. Details
about the scheme are given in gtandard textbooks on numerical analysis
and its application in meteorology has been demonstrated by Young (1968)
and Clark (1969). 1In the present investigation its application is some-
what unconventional because the variable w is solved from a set of
algebraic equations rather than a set of differential equations. Tests
were performed to determine its accuracy and ability to conserve the sum
of available potential energy and kinetic energy when dissipation and
heating were set equal to zero. In the latter case, the energy sum was
computed to the accuracy of four decimal figures for 30 days and showed
no change at all; the scheme conserves the energy sum very accursately.
This test was repeated for different initial conditions with similar re-
sults. To determine the accuracy of the scheme, the equations were
integrated three different times for three different time intervals,
At = 30, 48, 60 min. Energy of various wave components were computed in

each case and the results did not differ markedly from one another. The

Qv ~= 33U, 40, Ou wmin, mnergy Ol Various wave COlpoONenuLs wele collpuutu Ll
each case and the results did not differ markedly from one another. The

method is therefore accurate, but somewhat slow because four steps are

33
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needed to integrate one step forward in time. The time interval that was

used for the final computations was At = U8 minutes.

Initial fields

The type of basic state under consideration is one which includes
the essential features of the tropical state presented in the introduc-
tion. To simulate the exact N-S fields, a high order spectral formula-
tion would be necessary. A low order N-S resolution in terms of wave
components includes the details of the inflection point in the zonal wind

profile, a meximum in zonal easterly winds, and a low temperature in the

southernmost latitude to retain the effect of oceanic equatorial upwelling.

The initial streamfunction field and its associated amplitudes at each

level are as follows,

W) = 20 9 (6 =0) cos oy +v) (¢ = 0) sin ay)
\pi(l)=-o.h, mpég:—l.s
w22 = - 03 9= - 10
w9 = -0 029 = - 0.3
w12 = _o ol = -0

The basic streamfunction in units of lOlo cm2 sec—l, was chosen to yield

a maximum zonal easterlies of 6 m sec_l at the 900 mb level. Any larger
value would not change the fundamental results of the investigation, but

merely give larger values for certain energy conversion terms. The in-
Frvatil L8 a3 L1l T 2af A crmma Aahaman +4 Aanwveace with heiosht excent

merely give larger values for certain energy conversion terms. The in-
tensity of y and the zonal wind were chosen to decrease with height except

for the uppermost level. The corresponding initial potential temperatures
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were computed from the balance equation and the w-values from the w-equa-
tion. In subsequent stages of the integrations, the potential temperature
js computed from the thermodynamic equation rather than the balance
equation.

The geometry of the region under consideration is rectangular, and
the B-plane is centered at 18°N. The east-west extent varies from experi-
ment to experiment to allow for different scales of waves, but the north-
south extent is always 3141.5 km (i.e., proportional to m). This leads to
a region of 28° in latitudinal extent. It is convenient to refer to such
features as the inflection point and maximum zonal easterlies in terms of
coordinates (x,y). Abscissa x increases from west to east and y from
south to north. The southernmost boundary is taken at L°N, and the north-
ernmost boundary is at 32°N, so that the motions under consideration are
confined to a region where the dynamic equations are valid.

Fig. 4 shows respectively the zonal distribution of ¥ and u at level
1l and 6 at level 2. Features to be noted are the inflection point of u, at
y = b4 (~ 9°N), maximum easterlies at y = T (~ 17°N), a cold southernmost
potential temperature and a maximum potential temperature at y = 4, a lati-
tude where an ITCZ may be expected to exist. This initial streamfunction
field consists of a zonal low in low latitudes and a zonal high in northern
latitudes. The area mean wg which has been omitted in the series expansion,
accounts for the negative values of Y in Fig. 4. In other general circula-
tion problems, it is sometimes desirable to start integrations with an

atmosphere at relative rest and possessing uniform temperature; this approach
1S commirt ot d Annol e 4 naPPiad ant

atmosphere at relative rest and possessing uniform temperature; this approach

is computationally inefficient.
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Fig. b-Tdealized initial latitudinsl distributions of (a) zonul
velocity u in m sec™, (b) zonel streemfunction in 1010 ¢n

Fig. 4-Jdealized initial latitudinal distributions of (a)(zonul
Velocity u in m sec™, (b) zonel streumfunction in 1010
(¢) zonal potential temperature in °K.
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The first two experiments are without heating or dissipation:

(1) Conservative experiment with

K = 10,000 km, L=1xx 103 km
(2) Conservative experiment with
K = 3000 kn, L=m7x 103 km

For the remaining 6 experiments 2 sets of vertical heating profiles
have been selected. These profiles are described by values of n as a func-
tion of pressure. Three experiments were done with n-profiles which
decrease with pressure, and three for n-profiles which increase with pres-
;nre. In each set of experiments n isslightly varied and the response of

the waves is studied. These are given in Table 2.
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le o, ~Parameters for various experiments

n-decreasing with pressure

n-increasing with pressure
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pble 3.-Constants and variables

F S

| Quantity Value Definition Units
B, 4,51 x 1077 Coriolis paremeter at 18°N sec™t
2.18 x 10713 Rossby parameter at 18°N et sec™d
Bo
0y 53.0 Static stability at level 2 °K lO_3 mb
o, 80.0 tatic stability at level b °k 1073 mb
og 500.0 Static stability at level 6 ok 1073 mb
Y o)1 Ratio of R/c_
e, 1.003 107 Heat capacity of dry air ergs g og~t
g 980.665 Gravitational acceleration cn?sec-l
-6 -1
K 1 x 10 sec
1,3
K, 5 2 x 107" sec™t
’ -7 Vertical drag coefficients -1
Kl 7 2 x 10 } at various levels sec
]
-7 -1
K 14 x 10 sec
2,3 J
=T -1
K 12 x 10 sec
2,5
h, 48 x lO—6 sec™t
h), 43 x 10'6 Radiative relaxation time sect
he b x 10-6 ) sect
Py 1073 Dry air density at 1000 mb gm cw™
airface
A 10” Horizontal eddy viscosity n® gec™t
coefficient
e*i g 1.5 °K
b o
o% o
11 0.7 Temperature in radiative K
6 0 equilibrium in various
4o
o* )
11 0.1 Temperature in radiative K
60 equilibrium in various
0% 1 0.3 levels °K
9*2 g 0.2 °K




Table 3.-Continued

Lo

Quantity Value Definition Units
—
0*% 0 0.1 Temperature in radiative °K
21 equilibrium in various
&0 levels o
* 0.0 K
Other 6% 0.0
n
¥ wits of 1070 Streamfunction en® sec™t
5 Vertical motion in p coordi- dynes o sec™t
nates
6 Potential temperature °K
P Pressure mb
. 2 . 2
J(y,7y) Jacobian of ¢ and V°Y
T Swall-scale frictional stress
s Heat
Po 1000 1000 b pressure surface mb
HL Latent heat
HR Radiation heat
w¥ Vertical motion at top of
boundary layer
u Zonal velocity m sec_l
7 . —lo—l
R 0.287 10 Gas constant for dry air ergs g K
KUJ Kinetic energy of ultralong
wvave at pressure level ]
KLJ Kinetic energy of long wave
at pressure level j
KSj Kinetic energy of short wave
at pressure level j
KSj Kinetic energy of short wave
at pressure level j
5 . . . 2 -1
Ay 10 Vertical kinematic eddy em” sec

viscosity coefficient

Latent heat parameter which
varies with height




CHAPTER V
RESULTS AND DISCUSSIONS

Results of 30 days of integration from the initial flow field
described earlier will now be presented. As the model is not designed
to govern the zonally symmetric flow or details of 1TCZ, attention is
focused upon the asymmetry of the motion field, energy cycles and rela-
tive importance of [KZ . KE] and [AE . KE]’ growth rates of waves at
various pressure levels and the vertical variation of wave amplitudes.

These will be done for the conservative and non-conservative experiments.

Motion field and its development

Maps of streamfunction ¥, vertical velocity w, and temperature 0
describe at a glance flow patterns, development of asymmetry and its
scale dependence, and give indications of some instability mechanisms.
Experiment 1 of the conservative case will be discussed first and ex-
periment 5 of the non-conservative case will be presented next.

(1) Conservative case:

In experiment 1 (Fig. 5), the initial state of streamfunction
represents small undulations superposed upon a basic zonal state of
easterlies at levels 1 eiid 3. The temperature structure shows a maximum

4 (Fig. L), and is positive throughout the tropics with

at coordinate y

= . - B - - 7 PRy DY p— - - -

et coordinate y = 4 (Fig. U4), and is positive throughout the tropics with
a minimum at y = 12 (¢ ~ 25°N). The magnitude of the temperature variation

over 1500 km is 0.8T7°K at level 2, 0.8°K at level 4. The zonally averaged

L1
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verticael motion shows a meximum at y = 3 and is quite small, of the orders
of lO_5 and 10_6 mb sec—l. This is a consequence of the absence of con-
densation and has been pointed out by Charney (1963). He found from scale
analysis that the dry tropics are more horizontally non-~divergent than are
nid-latitude motions.

On the 5th day in Fig. S5b, the streamfunction shows a classical
occurrence of barotropic interaction; the wave tilts horizontally from SW
to NE and therefore amplifies. This is also verified by the value [KZ . KE]
= 3,8129 at level 1. Similarly, amplification at level 3 is also indicated
by an appropriate tilt of the wave. On the 10th day, we find an example of
decay with SE-NW tilt of the wave. These tilts are opposite in direction
to those found in mid-latitudes (Kuo, 1949), but they agree with the
observed tilts of tropical waves (Nitta and Yanai, 1969). On the 15th day,
the slopes of the wave at levels 1 and 3 are in opposite direction and the
[KZ ° KE] values are of opposite signs. Thus, the wave decays at level 1
and amplifies at level 3. No amplification of the wave at level 1 occurs
until the 25th day.

Throughout the wave evolution, wave No. 3 is dominant but has not
sufficiently amplified to interfere seriously with the uniform flow of the
easterlies. In order to amplify and distort the easterly current, it will
be seen that the CISK mechanism is of vital importance. Also observed in
the maps and in Fig. T is the westward propsgation of the waves; in par-

ticular the y-independent wave No. 3 which propagates at 3.7 m sec—l,
BMhAAAAA 4w A ~Avmuant A mavimiam annkanloa rnTandder A0 & m .-.,-m"‘l
ticular the y-independent wave No. 3 which propagates at 3.7 m sec—l,
embedded in a current of maximum easterly velocity of 6 m sec—l.

(ii) Non-conservative case:

In experiment 5, except for the w-field, the initial field is the

Same as in experiment 1. The values of w are an order of magnitude larger
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Table 4.-Barotropic energy exchanges at
for experiment 1.

cm sec”™

levels 1 and 3 in units of ergs

Day (K, - Kgly Day [K; - Kply Dey [K, - Kglg Day  [K, - Kglg
1 +49,7147x1071 16 -1.2405x10° 1 +5.8347x10"1 16 +1.2632x10°
2 +2.571hx100 17 ~1.2hoox10° 2 +1.69o6x10O 17 +1.4874x10°
3 +2.7259x10° 18 -8.9062x107° 3 -1.3360x10° 18 +2.5357x10°
b +h.51b0x10® 19 -1.1335x20° b +2.4287x10° 19 +1.2145%10°
5 +3.8129x10° 20 -5.4711x10"0 5 +1.1505x10° 20 +1.4141x10°
6 +3.9532x10° 21 -1.364ox10° 6 +7.8880x1071 21 +1.0254x107T
7 +2.4738x10° 22 -6.2002x1071 7 -7.9386><1o'l 22 +1.5057x107 T
8 +1.2o91x10O 23 +2.6598><1o'2 8 +1.8822x10° 23 +1.9688x10~l
9 +6.8268x107T 24 +4.1864x10™1 9 -1.9556x10° 24 -1.1248x107%

10 -7.3634x107% 25 +1.1879x10° 10 -2.7657x10° 25 +6.0161x107"
11 -2.6253x107% 26 +8.6560x10™1 11 -1.6260x10° 26 -3.7u89x107T
12 -1.887hxloo o7 +1.8825x10O 12 -2.&196x100 27 +5.4266x107T
13 -1.4885%10° 28 +1.L847x10° 13 -1.1880x10° 28 +L.5195x1072
1 —2.4213x10° 20 +2.47h2x10° 14 -1.1754x10° 28 +9.3318x107T
15 -1.9244x10° 30 +2.U4713x10° 15 +6.7156x107° 30 +9.6211x107T
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Table 5.-Barotropic energy conversions at levels 1 and 3 in units of ergs

cm~< sec~l for experiment 5.

pey [k, - Kyl Day [K, « XKpl, Day [k, - Kyl Day [K, - Kpl,
1 +1.2206x10° 16 +1.7902x10° 1 +1.5225x1070 16 +2.5652x10°
2 +3.8h67x100 17 -9.3261x10l 2 +2.o760><1o'l 17 +5.h695x10l
3 +5.7815x10° 18 -1.0583x10° 3 -1.0125x107% 18 -9.1093x10"
b +1.11k2x100 19 -9.7963x10% 4 -1.107ux107° 19 -L.6852x10%
5 +1.5113x10l 20 +1.5920x103 5 -7.8688xlo'3 20 +h.5215x100
6 +2.2911x10l 21 -3.5835x102 6 -1.0202x107% 21 -2.6366x102
7 +3.1503x10% 22 +7.9133x10} 7 -6.9u48x10"% 22 -1.3182x10°
8 +h.67h3XIOl 23 ~1.8062x10° 8 -1.8373x10O 23 +2.9652x102
9 +7.2184x10% 24 -1.3396><103 9 -h.3976x100 24 -2.2759%x10°
10 +1.1h58x102 25 +2.h019x103 10 -9.382hx100 25 +1.1195x102
11 +1.8537x102 26 -9.h5h9x102 11 -1.7530xlol 26 '-1'.1;910x10l
12 +2.7399><102 27 +5.h3h6x102 12 -2.7931x10l 27 +6.3421x10"
13 +3.0103x10° 28 ~1.1500x10° 13 -1.2366x10% 28 -6.1260x10°
14 +6.2695x107 29 -2.8891x10° 1l +2.2395x10l 29 +1.7015x10°
15 +1.6310x10° 30 +5.3950x10° 15 +2.7632x10° 30 -2.0217x10°
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then in the conservative case, with a meximum initial zonal ascent of
2.0hx10"l'l mb sec™T in low latitudes (see Fig. 8). Thus, as pointed out
by Charney (1963), the effect of condensation is large and affects in
jmportant ways the dynamics of the tropics. On the 5th day [KZ . KE] at
jevel 1 is about 4 times as much as its value on the corresponding day in
the conservative case. This is due to the maintenance of KZ by release
of zonal latent heat ﬁ'5¥1 Level 1 on this day shows positive values of
[KZ J KE] and an associated SW-NE tilt of the wave. Level 3, on the
other hand, shows little barotropic exchange. On the 10th day, consider-
able amplification is observed with a very pronounced SW-NE tilt and a
break-up in the symmetry of the zonal easterlies. This flow pattern re-
sembles more closely the tropical streamfunction pattern illustrated by
Krishnamurti (1971b). The level 1 w-field also indicates the development
of the asymmetry; maximum zonal w is 3.3><10—h mb sec—l, vhile maximum
rise associated with the asymmetry is as high as‘5.6xlo_h mb sec—l, which
occurs at coordinate (3,5). On the 20th day, wave amplification is so
large that it dominates the whole motion field. Such amplification can be
controlled by incorporating in the latent heat parameterization a time-de-
pendent stability parameter. When the envirommental temperature becomes
that of the convective moist element, no more heat should be released.
The associated zonal w~field on this day exhibits a maximum of l\l.2x10_h
m sec™t at y = 3 and an asymmetric maximum of 9.8><10"1‘l mb sec™t at coor-
dinate (6,6). Thus, as pointed out by Bates (1970), asymmetries can become

an imnmortant nart in the deacrintinn af the ceneral rivrenlation e masr

dinate (6,6). Thus, as pointed out by Bates (1970), asymmetries can become
an important part in the description of the general circulation. We may
Point out that another asymmetric term which arises in non-linear latent

heat parameterization n'w®' has been omitted in the present model. This
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term, &s shown by Bates (1970), contributes to the maintenance of the
gonal shear. This will be referred to again in the discussion of energy
cycles. To complete this section, reference is made to the maps on days

25 and 30 for further dominance of the asymmetries in the flow patterns.

Energy cycles

The waves which appear in the maps derive their energy from various
sources at various stages of their development. In this section concentra-
tion will be focused on the relative roles of barotropic and CISK mechan-
isms in generating and maintaining these tropical eddies. This will be
done by presenting energy cycles in the manner of Phillips (1956) and
figures of variation of [KZ . KE] and [AE . KE] with time. The energy
cycles will be given for selected days as suggested by details in the
figures of [KZ . KE] and [AE . KE].

For experiment 3, where integration is carried out for 17 days,
Fig. 10a shows that for the first 10 days, the éddies are maintained
mainly by barotropic gain of energy from the basic current and then by
the CISK mechanism. Both processes operate at the same time, but the
barotropic mechanism dominates. Two energy cycles in Fig. 11 for days
suggested by Fig. 1l0a are constructed. The first, which represents the
initial stages of the development, shows domination of [KZ . KE] over
[Ap « K 1. The basic current is in turn maintained by [A, * K,] so long

« A_]. This conversion is due

&s A, can be adequately r=intained by L[HZ 7

to release of zonal latent heat which builds up a N-S temperature gradi-

s A, can be adequately rnintained by L[H, - AZ]. This conversion is due

Z

to release of zonal latent heat which builds up a N-S5 temperature gradi-

ent. Radiation acts as a sink for AZ and A, and is at least one order of

E

hagnitude smaller than latent heat release. Another interesting feature

on this diagram is the dominance of L[H, ° A,] over L[H

7 p . AE], i.e., the

E

=
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E-W solenoidal field has not yet been built up to a velue that [AE . KE]
can become the major source of eddy kinetic energy. It is for this
reason that KE is stiil mainteined primarily by KZ and the magnitude of

(X, - KE] is larger than in the conservetive case; L[HZ . AZ] was absent

Z
in the latter case. On the 1Tth day, the energy cycle shows a reversal
in the relative contribution of [AE . KE] and [KZ . KE], and L[HE . AE]"

is larger than L[HZ . A ]. Radiation, again, plays a minor role. Charney

%
(1969) has computed from observations by Bjerknes, Venkateswaran and
others that 90 per cent of the available potentisl energy in the tropics
is obtained frcm release of latent heat. The cycles in Fig. 11 show
negative values for radiation contribution to available potential energy;
this is dve to a meximum tropical temperature which is larger then the
radiative equilibriuvm temperature.

The question of storage of L[HZ . AZ] and L[H, -* AE] in A, end A,

E
respectively, as opposed to an instant conversion to kinetic energy, can

be answered by a comparison of the energy cycleglfor the two days in Fig.
11. Although the rates of conversion to kinetic energy are comparable to
the rates of L[HZ . AZ] and L[HE . AE], there is a significant storage of
AZ and AE over a period of 17 days. This is somewhat in disagreement

vith & conclusion of Wallace (1971) that "vertical motions convert poten-
tial energy to kinetic energy at almost the saﬁe rate that it is genersted,
i.e., there is no appreciable storzge of available potential energy." The

disagreement may be due to linear latent heat which accumulates small

amounts of storage of A, and A, over a long period of time.

disagreement may be due to linear latent heat which accumulates small

amounts of storage of AZ and A, over a long period of time.

E

In experiment U4 where upper level heating has been slightly reduced,
Fig. 10b shows that initially the barotropic contribution still dominates

until the 4th day, remoins comparable to [AE « K] until the 14th day and

N
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then takes second place to CISK which dominates for the rest of the period.
The barotropic term is larger than CISK for a shorter period of time than
in experiment 1; this is due to larger boundary dissipation and less
[AZ i KZ] conversion which depends upon zonal heating (Fig. 13). A similar
situation is observed in experiment 5 (Figs. 12a and 14), where upper level
heating 1s even further reduced and dissipation assumes a value between
those of experiments 3 and L.

In all experiments, most dissipation of the zonal and eddy kinetic
energy tekes place at the boundary layer. It is possible, if a strong in-
ternal jet occurs, that internal dissipation would exceed boundary layer
dissipation as has been computed by Charney (1968) from observations by
Palmén. ©Such a Jet does not exist in the present investigation. We may
also remark that in experiment 3 energy fluxes from troposphere to strato-
sphere have been included in the energy cycles. These fluxes play a minor
role in the energetics of the troposphere, but may be significant in the
studies of the stratosphere as demonstrated by Péng (1965) and Clark
(1969). Recently, Wallace (1971) has computed from observations that
leakage of wave energy to the stratosphere is at least an order of maegni-
tude smaller than the rate of energy conversion.

An important conclusion can be drawn from the energy cycles and the
associated figures of [AE . KE] and [KZ . KE]. Initially, the barotropic
eéxchenge of energy is important for generating and meintaining tropical
eddies and latent heat becomes important at the more mature stage of the

eddies, A similar and independent conclusion was reached in a two-level

eddies and latent heat becomes important at the more mature stage of the
eddies. A similar and independent conclusion was reached in a two-level
model by Bates (1960). The additional information in the present model

shows the dependence of the duration of large barotropic exchange upon the

——
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vertical distribution of latent heat which was not possible in a two-level
model.
We have stated earlier that [KZ . KE] can teke place so long as KZ

ig maintained. KZ can be more properly maintained with a non-linear latent
heat formulation which results in a high positive correlation between the
eddy potential temperature and the vertical motion at the top of the
boundary layer. It is expected that such an addition to the model would
increase the small periodicity in the oscillations of [KZ . KE] which occur
during the latter days of the integration (Figs. 10a and 10b). At these
stages, it was found that the basic current was not sufficiently strong

to maintain K; instead K was maintained by large values of [AE . KE]

vhich makes K, a source for K As pointed out by Lorenz (1960), such

7
major fluctuations are common when the disturbance is very intense. Bates
(1970) has utilized non-linear heating in the form of ;B; =.;'B¥ + ;TEET
in which the asymmetries of ?FZFT'contributed to increasing the shear of
the basic current in the face of drain by the gréwth of KE' This does not

seem to be necessary so long as K, is maintained by L[HZ . AZ] and the

Z
eddies can grow.

A different picture emerges from Figs. 15a and 15b and the associ-
ated energy cycle in Fig. 16 for experiments 6 and 8. In both cases
[AE . KE] conversion dominates even at the early stages of the integra-
tion, but that of experiment 6 is less active. Thus, if latent heat is

released in sufficiently large quantities and the shear of the zonal wind

is relatively small, CISK can become the major contributor to tropical

Treleased in sufficiently large quantities and the shear of the zonal wind
is relatively small, CISK can become the major contributor to tropical
eddies throughout the wave evolution. In fact, in Yamasaki (1969) where

barotropic instability has been completely excluded, a linearized
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DAY 4

L[Hz'.l‘z ]= ——
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R[H: 4z |- 1.540%10° 496 X102 6.044X107 7.305%10"
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gnalysis has shown that instabilities on the synoptic and long wave scales
can occur when latent heat is the sole source of energy. It may be sug-
gested here that this is possible for very large release of latent heat
at upper levels. On the other hand, we have learned from experiments 3,
4, end 5 that if latent heat is largest at the lower levels and the shear
of the zonal wind can be maintained, [KZ o KE] must dominate at the early
stages of wave development; there exists a non-linear coupling between
the CISK and barotropic processes. Since large amounts of latent hesat
are required in experiments 6 and 8, and this is not very likely when a
wave is very weak, the results of experiments 3 and 4 may be considered
more realistic.

As in previous experiments, the rapid oscillations of 2 to 3 days
are also seen in Fig. 15a for experiment 8. However, both the conserva-
tive case and experiment 3 have a slow T-day period oscillation throughout
the integration, i.e., high level heating has not interfered significantly

with low-level barotropic exchange of energy.

Perturbation growth rates

We have learned so far that tropical eddies can be generated and
maintained. Further analysis is required to discover the most unstable
waeves, their growth rates, and pressure levels of maximum wave amplifica-
tion. This will be done for various vertical profiles of latent heat.
(i) Conservative case:

When dissipation and heating are set equal to zero, the only

- . e AT S S AR

When dissipation and heating are set equal to zero, the only

Sources available for eddy energy are the east-west and north-south over-

turnings of air and the shear of the basic current. The former is the usual

baroclinic instability of the first kind and the latter refers to barotropic
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exchange of energy between the basic current and the eddies. A third
mechanism of wave-wave interaction is also possible. Baroclinic instabili-
ty is expected to be small in low latitudes, mainly due to the small value
of the Coriolis parameter. This is in agreement with the thermal wind
equation used in the present model; it would require very high vertical
wind shears of the zonal current to make baroclinic instability possible.
In experiment 1, the predominance of [KZ . KE] exchange is shown in Fig.
17. The eddy baroclinic term [AE . KE] plays a minor role. The oscil-
latory pattern of [KZ . KE] yields peaks on the Uth, 1luth, and 27th days.

Two conservative experiments, which we understand to be mainly
barotropic, were performed. Fig. 18 of experiment 1 shows the smallest
scale wave of 3300 km to have the highest growth rate, having an e-folding
time of 5.5 days. Its maximum energy is attained on the 8th day. The
wave has reached a finite amplitude and its further behavior is oscilla-
tory; non-linearity is mainly responsible for this. Initially, however,
the perturbation is small and its exponential growth is similar to the
results obtained in Yanai's linearized barotropic analysis. In Nitta and
Yanai (1969), the scale of meximum instability is 2000 km, having a growth
rate in e-folding time of 5.2 days. This is also an indication that baro-
clinic instability in the dry tropics is small,

The two larger waves of 5000 km and 10000 km grow and decay in
Oscillatory fashion. Their barotropic interaction with the basic current
is not large, but there exists energy exchange between the two waves them-

selves. In this wave-wave interaction, the long wave of 10000 km acts as

is not large, but there exists energy exchange between the two waves them-
selves, In this wave-wave interaction, the long wave of 10000 km acts as
& source for the 5000 km wave. The decay of the ultra-long wave begins

at about the 12th day and contributes to the growth of the intermediate
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gcale. At the upper levels, however, the same mechanisms operate, but to
a smaller degree. Thus, barotropic interaction is active at the lowest
level in the conservative experiment.

The objective of the second conservative experiment was to deter-
mine the instability of the 3300 km wave in a wider spectrum range of
waves. We would like to ascertain if it is more unstable than other
synoptic waves which approach 3000 km from the lower end of the spectrum.
The other waves are of scales 1000 km, 1500 km, respectively. Once again,
Fig. 18b of experiment 2 shows the most energetically active wave to be
of wavelength 3000 km and the wave~wave interaction is again between the
larger two waves. In its exponential growth, the 3000 km wave shows a

growth rate in e-folding time of 3.5 days. This is more rapid than found

in experiment 1 and is most likely due to the difference of 300 km between

the unstable waves of the two experiments and the added source of wave-wave

interaction between the 3000 km and 1500 km waves. The energies of the
1500 km and 3000 km waves are out of phase throughout the integration
period. In Fig. 18b, the zonal energy increases while the 3000 km wave's
energy decreases to a minimum on the 25th day. This is further evidence
of non-linear barotropic interaction with the basic current. At level 3,
the same features occur, but are less pronounced.
(ii) Letent heat profiles - increasing with height:

The picture of wave amplification changes drastically when heating
and dissipation are allowed to operate. There is strong evidence that

growth rates and selection of most unstable waves are height dependent.

and dissipation are allowed to operate. There is strong evidence that
growth rates and selection of most unstable waves are height dependent.
In experiments 6, T, 8 latent heat increases or remains constant

With height. Towards the latter days of the integration period, the most
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unstable scale is that of wavelength of 5000 km throughout the troposphere
(see Figs. 19 and 20). However, this scale as well as the others are most
unstable at the level of maximum heat release. Yamasaki (1969) has also
shown, including scales which are not discussed here, that latent heat re-~
lease at upper levels favors growth of the larger waves. ©Since experiment
1 shows that the barotropic mechanism favors growth of the smaller wave,
and this mechanism is absent in Yamasaki's investigation, then the growth
rate of the 3300 km wave in experiments 6, 7, 8 is attributed to a combined
effort of CISK and barotropic exchange of energy, while that of 5000 km
scale is mainly due to CISK. Unlike Yamasaki's analysis, the present in-
vestigation analyzes energy growth of waves at different pressure levels.
The figures indicate that the maximum growth rate occurs at the upper tro-
posphere where most heat is released.

Except for experiment 8 where large amounts of heat are released
at the lowest level as well as larger amounts at the uppermost level, the
[KZ . KE] exchange is not sufficient to balance dissipation. Thus, there
exists a decrease of energy with time until latent heat becomes large
enough to make a significant contribution. Of the three waves, the largest
of wavelength 10000 km is least active. In experiment 8, a large low-level
heating maintains a strong horizontal shear of the zonal wind and baro-
tropic exchange is larger than in experiments 6 and 7. At level 7, in
spite of large heating, the weak initial shear remains weak enough for any
barotropic exchange to take place.

(iii) Latent heat profiles -~ decreasing with height:

barotropic exchange to take place.
(iii) Latent heat profiles - decreasing with height:
Experiments 3, 4, and 5 have been performed with heating profiles

which decrease with height. Upper level heating is gradually reduced from
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experiment 3 to 5. In the three experiments the most unstable wave at
the lowest level is the one with wavelength 3300 km. The other two waves
compete equally for energy, except during the last few days of the integra-
tion period when the 5000 km wave begins to dominate the 10000 km wave.
These are illustrated in Fig. 21. Growth rate of scale 3300 is largest in
experiment 3. Thus, heating at upper levels can have some contribution to
wave growth at lower levels.

As in Bates's (1970) investigation, the energy of the waves reaches
a relative maximum sometime during their evolution. For wavelength 3300
km, this meximum occurs on the 15th day in experiment 3, 18th day in
experiment 4, and 1Tth day in experiment 5., It is important to note that
although unconditional heating with time-independent static stability has
been used in the present model, a relative energy minimum for the 3300 km
wave occurs on day 21 in experiment 4 and day 19 in experiment 5. This
bears strong resemblance to the relative minimum achieved on the 19th day
in Bates's experiment. Unlike results by Bates (i970), similar relative
minima occur for the longer scales, as can be seen in Figs. 2la,b,c.

At level 3, in all three experiments and for all three waves, energy
decreases for the first few days (see Fig. 22), until sufficient latent
heat has been accumulated; then rapid growth occurs during the rest of the
30 deys. The decrease of energy is again attributed to insufficient baro-
tropic gain of energy to balance dissipation. However, this feature of
dissipation is absent at the lowest level where the shear of the zonal wind

is largest. The 3300 km wave is still most dominant at level 3 in the

dissipation is absent at the lowest level where the shear of the zonal wind
is largest. The 3300 km wave is still most dominant at level 3 in the

three experiments.
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At level 5, a most important new feature occurs; the growth rates
of the longer waves especially wavelength 5000 km are larger than at the
lower levels (see Fig. 23). This happens in spite of small upper level
heating. This is not true for the shortest wave. In experiment 3, in
fact, scale 5000 km achieves a higher growth rate than the 3300 km wave
and reaches a higher energy value. This is evidence that in the three
experiments upward energy propagation exists for the larger scales, and
less for the scale of the shortest wave. In a linearized study by Charney
and Drazin (1961), it was found that for special vertical profiles of
the zonal wind, the short waves get trapped at low levels and the long
waves can propagate energy upward; this was found for mid-latitude
dynamics. In the present experiments the short wave is found to have
energy at upper levels, but the fact that the long waves, which have a
smaller energy source at low and upper levels, do sometimes dominate at
upper levels is significant information. Contribution of the upper level
heating for longer waves has been discussed for experiments 6, T, 8 but
is found much less influential in experiments 3, 4, and 5.

We conclude that long waves are a dominant feature of upper levels
and short waves dominate at lower levels. Further, the long wave domi-~
nance is accentuated when upper level heating is largest and short wave
dominance is accentuated - *znlower level heating is largest. This indi-
cates the importance ofistudying atmospheric wave energy changes in
response to sources and sinks at individual levels rather than consider

wave instabilities in the trovosvhere as a whole. In a paver bv Yamasaki

response to sources and sinks at individual levels rather than consider
wave instabilities in the troposphere as a whole. In a paper by Yamasaki
(1969), we find that all the waves of the scales discussed here become

unstable when upper level heating is large and when the heating increases
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with height. The difference in growth rates among the waves then be-
comes a function mainly of vertical wind shear. No attempt has been
made here to relate growth rates with vertical shear of the zonal wind,
the wind shear evolves with the dynamics of the model. When we include
barotropic instebility, as done in the present model, a stability analysis
reveals that synoptic waves can grow with large heating at low levels,

Riehl (1954) has discovered from a synoptic investigation that a
wave of scale 1500 to 2000 km dominated the lower troposphere and a wave
of 3000 km to 5000 km dominated the upper troposphere. Similarly, Wallace
(1971) reached such conclusions from a study of time series.

Wave analysis at level T resembles that at level 5 except in ex-
periment 5 where heating has been set equal to zero. Increase in energy
of the longer waves is still largest among the waves, but it is quite
smgll. It is noted in these experiments that small changes in n can
cause large changes in growth rates.

The short wave at the lower levels.initially feeds upon the zonal
kinetic energy and the long waves at the upper levels feed upon latent
heat even at the initial stages. When compared with the conservative
experiments, the growth rates of the waves in the non-conservative case

are larger.

Amplitude variation with height

Since integration of the equations began with equal amplitudes for

all waves at all levels, amplitude analysis seems appropriate. Energy

Since integration of the equations began with equal amplitudes for
all waves at all levels, amplitude analysis seems appropriate. Energy
is weighted by wave number; thus shorter waves with larger wave numbers

may have misleading large energies., Graphs of amplitude with height will
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now be presented for waves (1, -1), (2, -1), (3, -1). Similar analysis

can be done for other components.

(i) Conservative case:
In Fig. 25, day O shows equal amplitudes for all waves at all

levels. At about the 13th day, the smallest wave (3, -1) begins to show

meximum amplification at level 3 and the largest wave (1, -1) at level 5,

At later stages of wave development, (1, -1) remains dominant at level 5,
but wave (3, -1) attains maximum amplification at level 1 and next to
maximun at level 3. This verifies that larger waves dominate at upper
troposphere and shorter waves dominate at lower troposphere. It may be
mentioned that in Riehl's (195L) observational analysis, the maximum ampli-
tude of easterly waves lies somewhere between TO0 and 500 mb., To determine
the source for the maximum amplitude, Fig. 26a is included for day 22.

The only possible source for the shorter wave is barotropic interaction
with the basic current at the lower level. This is confirmed by the posi-
tive quantity of [KZ . KE] at level 3. There exiéts no similar source

for the long waves st level 5. The remaining possibilities are wave-wave
interaction between modes (2, -1) and (3, -1) to contribute to wave (1, 1)
and the upward flux of energy which is observed at level 5. Both exist,

as (2, -1) and (3, -1) have a minimum at level 5 and (1, -1) is a minimum
at level 1, which suggests a loss of energy to level 5. At this upper
level, the zonal wind variation with height, in Fig. 26b, shows a minimum
easterlies (or relative maximum westerlies). Thus, the amplitude profile

with height of the larger wave resembles the vertical profile of the zonal

easterlies (or relative maximum westerlies). Thus, the amplitude profile
with height of the lairger wave resembles the vertical profile of the zonal
wind. This has also been noted in the papers of Rutherford (1969) and

Nitta (1967), but their analysis applies to mid-latitudes with baroclinic
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sources and for higher pressure levels. They verified that for special
vertical profiles of the zonal wind, the shorter waves were trapped in
the lower troposphere and the larger ones propagated energy upward.
(ii) Non-conservative case:

In experiment 4, for about 18 days (see Fig. 27), the largest wave
(1, -1) dominates at the upper level. Since upper level heatihg is small
and low level is large, mode (3, -1) becomes large in amplitude throughout
the atmosphere for the remainder of the integration period. This coin-
cides with an energy minimum of the long waves which preceded the energy
minimum of the short waves in Fig. 22. By contrast in the conservative
case, the low-level energy source contributed greatly to the dominance of
the long waves at the upper level.

In experiment 5 where upper level heating has been further reduced,
Fig. 28 shows that the long waves (1, -1) and (2, -1) dominate at upper
levels for a shorter duration of time. Mode (3, -1) increases in ampli-
tude with time at all levels, but becomes most dominant at 600 mb on the
30th day. This, we recall, was found to be the level of maximum ampli-
tude in Riehl's analysis of an easterly wave.

As a striking example of upper level heating, experiment 6 (see
Fig. 29) shows that the amplitude of (2, -1) is the largest most of the
time at the uppermost level. Once again, an exception on the 12th day

exists and it is associated with an energy minimum of the largest waves.
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CHAFTER VI
SUMMARY AND CONCLUSIONS

The model is successful in combining both the barotropic and CISK
mechanisms in order to investigate in a non-linear manner the major energy
gources for tropicel eddies. It also introduces some new conjectures
concerning the response of the eddies to vertical profiles of latent heat.
It is, however, weak in properly maintaining the basic current. This
would require a broader spectrum of latitudinal scales, non-linear latent
heat formulation and a different balance of terms in the equations of
motion in which the Coriolis parameter is allowed to vary wherever it
appears. Also, for better parameterization procedures, the vertical re-
solution should properly include a thin surface boundary layer. Then, a
detailed ITCZ mey be generated and maintained.

We may repeat the major simplifications of the present investiga-
tion. Linear heating neglects the horizontal and time dependence of the
parameter n. These omissions result in larger horizontel temperature
gradients and more rapidlheating than would otherwise occur. The limited
number of 20 Fourier components does not permit a prediction of the loca-
tion and a description of the detailed structure of an ITCZ. The main
features of an ITCZ that are included are the north-south zonal wind and
the zonal temperature profiles., Such profiles have been observed in the

vicinity of the Marshall Islands. In other regions of the tropics where
+heaa nrafiloc AA vnAat+ Avy A+ Fhhn mrmmas Tdhm A dlam cmmam o mad Do et et

vicinity of the Marshall Islands. In other regions of the tropics where
these profiles do not exist, the results of the present investigation,

in particular the relative roles of [KZ . KE] and [AE- KE] may be modified.

9l
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In spite of the above omissions, the quasi-geostrophic formulation
is appropriate for the description of tropical waves. The results of the
present model are meaningful in areas in the tropics for which the select-
ed initial state is applicable. The most important result of the investi-
gation describes the relative roles of [AE . KE] and [KZ . KE] in
meintaining the eddies. It was found that when large amounts of latent
heat are released in the lower troposphere and the heating decreases with
height, [KZ . KE] is very important until the surface perturbation vorti-
city becomes sufficiently large for [AE . KE] to dominate. When the upper
level heating is reduced, the barotropic contribution dominates for a
shorter period of time. When largest amounts of latent heat are relesased
in the upper troposphere, [AE . KE] dominates throughout the evolution of
the waves, although [KZ . KE] is still important at the initial stages.
The eddy available potential energy AE is maintained by the eddy release
of latent heat, while radiation plays a minor role as a stabilizing
mechanism. The barotropic mechanism is most active in the lower tropow

sphere and remains important as long as K, is maintained by A, which

Z Z

receives energy from the zonal release of latent heat.

When heating and dissipation are set equal to zero, [KZ . KE]
makes the largest contribution toward meintaining the waves. The 3300
km wave ig most unstable in the lower troposphere and has an e-folding
growth rate of 5.5 days. The largest scale wave is most unstable in the
upper troposphere and gaines its energy mainly from weve-wave interac-

tion with the intermediate scale of 5000 km. Although the waves amplify i

upper troposphere and gaines its energy mainly from weve-wave intersac-
tion with the intermediate scale of 5000 km. Although the waves amplify
sufficiently to weaken the zonal flow, this amplification does not

destroy the uniform flow of the easterlies. When heating and dissipation
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(in particular latent heat) are applied, the waves amplify sufficiently
to interfere seriously with the zonal easterlies.

The growth rates of the waves are modified drastically when latent
heat is released; this modification depends upon the vertical profile of
latent heat. When most heat is released in the lower troposphere, the
3300 km wave is always the most unstable mode in the lower troposphere
with an e-folding growth rate of 3 days. This wave also exists and some-
times dominates in the upper levels. When the largest heat release
occurs in the upper troposphere, the larger scale waves in the upper
troposphere are the most energetic; they sometimes dominate in the lower
troposphere. The latent heat release, aided by the barotropic mechanism,
chooses the scale for instability differently in different pressure levels
in the troposphere.

A number of other conclusions can he drawn from the present inves-~
tigation. (1) There is evidence that large scale waves propagate energy
upward, while the shorter waves do not. (2) The?e is accumulation of
energy in AZ and AE during a period of 17 days as opposed to an instanta-
neous conversion to kinetic energy. (3) Linear unconditional heating
can account for the wave amplification that is observed in the tropics
but fails to describe the dissipative stages. Such amplification brings
about asymmetries in the tropical motion field and can play an essential
role in the general circulation, particularly when mid-latitude baro-

clinic systems are also included.

clinic systems are also included.
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APPENDIX

The w-equation for the present model which is consistent with the

balance equation

P K
V26 = = “*—“CO f'O ‘—Q‘E Vglj)
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When double Fourier series and vertical finite differencing are
substituted in this equation, the w-equation takes the spectral form
given by Eq. (4) of Chapter II. The right~hand side of this spectral
w-equation is described by linear and non-linear terms involving com-
ponents of Y and 6 for every pressure level. These components of ¢
and 6 are solved from the specfral vorticity and thermodynsmic egua-
tions for every time step. If‘this right-~hand side is denoted by SUM

(3), the spectral w-egquation can be written

K K 2 2
Cp (B (Pj'- - Pj"-"l) wj -l N fo wj_e n" (PJ'-‘Q - Pj+2)f0
- " W o= ”
D(m",n") P° ln (PJ_Q - PJ) 1 n (PJ_2 PJ)(PJ Piip)
f 2
n't ||m" & "“"*‘_“Q“'I-‘n— "‘JT? m" - 9””-‘-(4\u - T g N T
D(m",n") P J-2 =273 VT g%e)
2
J m fH j+o m" s (3)
w 1 Ll e ) n = UM
1n (Pj - Pj+2) 1 n
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superscript J denotes the pressure level and subscript 1 denotes the real
part of complex w. When level J is specified and wO = w8 = 0, a set of

three equations and three unknowns m2

1> Wy @y for every m and n results,

i.e.,

2 ] " h i1
'j = 2, - a:l(l)l 1:11" + &20)2 1;11;1 + 3.30)1 il" = Sum (2)

)4 ] ) 1 6 n
=4k, - 8w T+ aguy T+ agwy Irl:n = Sum (k)

6 1 h 1] 8 it
J = 6, - aTwl 11111" + 8.80)1 Ir?” + a9wl I:;:n = Sum (6)

1"

where ai denote the proper coefficients of wi ﬁn. Rearranging the alge-

braic equations, we obtain

1 h 1
- a.lmi 1;11" + 3.3(.01 Irnlu + 0 = Sum (2)
5 " 4 " 1
9'5(-01 I;in - ahwl flln + 8-6(1)5 Il:n = Sum (L")
n i
0 + aewi Irl:n + a,?wi !;llu = Sum (6)

There are 20 components (m", n") and hence 20 sets of algebraic

2m" Lw" 6 m"

equations of order 3 for unknowns Wy s Wy s O e
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