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C om putational Statistics

H ypothesis Testing
Param etric tests
(Chapter5 2 of W iks’ book)

Key Pomnts:
1) ttest
2) Tests fordifferences n m eans
3) SerialConehtion
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Student’s ttest

® Thetestdatistc s

X — [ty
[var(z)] *
® W hereVar ndicates the varince.
® Note that the equation is sin ilarto a zvalie, except that the sandard
deviation appliesto the uncertanty in the m ean, mtherthan the spread
of the data, and the m ean isnotthe m ean of the sample.
® The otherkey consideration for this application is the degreesof
freedom (v).
® For ke degreesof freedom (& Jarge num berof independent
Observations), the G aussin approxin aton isgood.
® y=n-1,wheren i the numberof ndependent cbservations.
® The varince of the m ean of x i determ ied as 6,2 h, w here o, is
the varince of x.
® W hen the G aussBn approxin ation is good, G aussin probabilites can
be used to estin ate the Ikelhood of a tvalue occunrng, sin ilar to
usig a zvalue. O thew ise tables are given in m any statsbooks.
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Setting up the test
® Thetestdatistc s
(R-%)-B[X-%]
— _ e
(varx% -))
* Whee E[X -%]=E(%)-E(%)=m -k
is the expected difference in m eans. ks usually equalto zew forthe
mullhypothesis, but could be equalto any finie value.
® The varince of the difference In the m eans could be caloulated w ith
the enor propagation equation. Tk is
Var[?q 7%] :Vax{?g]JrVax{?g]
ol o
=142
n o
® The pobability is then evaluated as fora z-value.
X%

T e
o o
5 %

z=

z=
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Student’s ttest

The test 5 called Student’s ttest.
® The aeatorof this test published under the pssudonym Student.
® Hisempbyerdi notpem thin to usshisownname.
® W .S.Gosett [1876-1937]
® Hisreal Pbwasasabrew maser.
This test does not assum e that the data distrbution isG aussin.
® Tn practioe, it is approxin ately G aussian.
® G aussin distrbutions are comm on, asw ould be expected based
on the Central L in £ Theorem .
The one-sam plke ttest is one of the m ost com m on statistical tests.
® Trexam hes differences betw een the m ean of a sam ple population,
and a previous specified mean (1) .
® TIf there are enough data poits the nulldisrbution foramean w il
be Gaussin (v the CentralLin it Theorem ).
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Tests for D ifferencesin M eans

A nothercomm on application is exam nation of the difference betw een

two independentm eans.

® Example: differences 1 m ean equatorial sea surface tem peratures
during different EN SO phases.

® Example:differences i the num berofm ean Ind falling
hurricanes during different phases of the A thntic M uld-decadal
O scillation.

The nullhypothesis is often that the differences in the m ean are

phusble random differences. The atemative hypothesis is that the

differences In the m ean is Irgerthan can be expected from random

differences due to different sam pks.

® Thissatwo taikd test.

® The problkem could alko be sstup as a one tailed testby specifying
the sign of the difference Tn means.
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Hurricane Exam ple

® Thasbeen chined that sihce

NumberofA thntic topialstom sand 1995 w e have been in an active
hurrianes peryear for 35 years. phase Brtopialoycbres.
1970 10 |[1983 4 ||1995 19 |® Theperbdofreduced activiy s
1971 13 ||198¢ 13 ||1996 13| lssckarbutifiiduetobasn
1972 5 ||1985 11 ||1997 8 w e varkbilty in the A thntc
1973 7 ||1986 6 ||1998 14| Ocemn,Ichin tisfiom 1982 D
1974 8 1987 7 1999 12 1997.

1975 8 |[1988 12 |[2000 14 e Wewillue1982 01994 1
1976 9 |[1989 11 |[2001 15 this com parison..

1977 6 |[1990 14 ||2002 12 |e ¥ eaecomparig wo

1978 12 |[1991 8 ||2003 16| idependentmemns.

1979 8 11992 7 |[2004 14|, y . gifference inmesns iamall
1980 11 |[1993 8 o B sdifernoe £ mens &

1981 11 |[1994 7 » idifference fur

1082 5 statdstically significant.

http

p /e pus 1 &
Ioumeens m et fan .@ The Floriia Sate Uniersty

® Nulldistribution : G aussen
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Hurricane Exam ple
¢ Ournulldisrbution, h mor detail is

NumberofA tlntic topical X-% - - _
X—%
stom s and hurricanes per = B EE’T&L =T . aye
year for25 years. 5% {‘LiJr&l
non n o

1982 5 1995 19

1983 4 1996 13 |® ILtremaisto chose a confdence Iin i, determ e
1984 13 1997 8 the spread oruncertainty (stendard deviation)

1985 11 1998 14 the test statistic, and calubte the z valie.
1986 6 1999 12 e Letthe 1982 to 1994 valiesbe set1, and the
1987 7 2000 14 recentvaliesbe set2.

1988 12 ||2001 15 n =13, %=869 ,ands = 304

1989 11 ||2002 12 x
1990 14 ||2003 16|® ™=10,%=137 ands =272

1991 8 2004 14 |® Resultsianuncerainty of 1 20 tropicalstom s

1992 7 ® Andz=-41

1993 8 * hterpretation: nullhypothesis is rejected w ith

1994 7 great confidence (<0.001% odds of false reject.) .
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D ifferences of M eans for Serially D ependentD ata

® A greatdealofm eteomwlbgicaldata has som e dependence on previous
values.
® Examplks:
® Hourly data show ing a diumalcyclk,
® D aily data show Ing a synoptic cyck,
® M onthly averages show g an annualcyck.
® Thepwblkm of serialdependence can be avoided by sub-sam pling
data 1n am anner thatputs sufficient tin e betw een the cbservations n
the sib-sampke.
® Examplk:Taking every 10 daily value over several years.
® Unfortunately, there are m any applications w here the tin e series s
sufficiently ong to avoid problem sw ith serldependence.
® Forexamplk, a conekhtion betw een daily tem peratures and the
sam e tin e series bgged by oneday (p;) saround 06.

Hypothesis Testhg 9
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W orking w ith Serially D ependent D ata

® Oneway to dealw ih thisproblkm is to determ ine an effective ssmple
size (', based on dependent observations) that s sm aller than the
actualsampk size @).

PP

1+p,
® Ifp =06,thenn’h= 1-06)/1+06)= 04 /16=025
® Sin ilrly, the varence oruncertainty squared) can be m odified.
1
varfzl~ S =S40
n nl-p

® Tnverthg the raton can be thoughtofasthe tine (in unisofthe

sam pling interval) betw een Independent cbservations.
® These equations apply only to dataw th only a kg 1 conelation.M ore

com plicated finctions exist form ore com plicated rhtonships.
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W ord of C aution
Interpretation Can BeM ore C om plicated
e Ifthe value atone tin e step is cbsely rehted to the value atadjpoent.
tim e steps, then changes 1 the m eans as shown in the previbus
exam pke are expected !

(a) 100 independent Gaussian values

(b) 100 autocorrelated Gaussian values, p,=0.6

Hypothesis Testng 8
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Som e C haracteristics of
Serially D ependent Data
® How do satistics of serally dependent data differ from serally
Independentdata?
® A hgervarince,
® Adjcent rneatby) data points tend to be m ore sin ilr,
® Serilly dependentdata are usually sm oother,
® D ifferences fiom themean (overa shorttin e period) are kss Ikely
o cancel, resultng in bealaverages that are farther from the tue
mean. H ence varinces are Ikely to be gerthan for serally
independentdata.

Hypothesis Testing
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Example
® Consdera tine seriesofdaily maxinum tem peratires for
January 1987 fiom tw o cities that are cose together.
® SeetbkA 1 W ik’sAppendixA forthe valies.
® Answerthe question ‘are the m eans significantly different?’
® There are severalw ays to go about this.
® Compute the m eans of each series, and detemm e if the differences
is satistically different fiom zero.
® Compute the differences and detemm e if the m ean of the
differences is statistically different fiom zero.
® W hatare the prosand cons of each approach?
®  Statistics thatm Hhtbe usefil fordetemm ining w hich approach to use:
® Lag 1 conehtion is 0 52 forone city, and 0 61 forthe other.
® Lag 1 conehton is0.076 orthe differences.
® Standard deviationsare 7.71, 7 86,and 2 28°F .

® D ifference in themeans (@nd m ean of the differences) is-1 9°F.
Hypothesis Testng
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Exam ple C ontinued

® Ifwe ok atthe difference in the m eans of each city, then w e need to
detemm e the num berof ndependent data points foreach ciy.
® Forthe firstcity this 531 (1-052) /(1 +052) = 9.8 days.
® Forthe2® citythis 831 (1 -061) /(L + 061) = 75 days.

® Tfwework w ih the m ean of the paired differences, w e use the same
apprach to detemm e the num berof ndependent data poits.
® 31 (1-0076)/(1+0076)=266
® Substantially betterthan w orking w ith the individual cides.

® Recallthat the difference i the m eans s the sam e 1n both appmaches.
The consteration that changes is the uncertainty, which isa fimction
of the sandard deviation (assum ing a G aussian distribution) and the
num ber of ndependent data points.

® Recallthat the sandard deviation in the differences is gpproxin ately
one third the standard deviations for the non-differenced values.

Hypothesis Testing
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Exam ple Concluded

The Test Statdistics
® Considerapproach usig the m ean of the tem perature differences.
® The difference in themeans is -1 9°F
® The uncertainty i (2 282 /26 6)*2 = 0 442°F
® Thezvalie is-4 29
® Considerthe approach using the difference of the m eans.
® The difference n themeans -1 9°F
® The uncertainty & (7.712 /98 + 786> /75 )** = 378°F
® The zvalie is-0 502
® W hy is the gpproach based on the 'm ean of the differences’ so much
better than the otherapproach?
1) M ore Independent points results n sm alleruncertainty in the m ean.
2) The cides are cbsely beated, o there is a hith conelation betw een
the tem peratires. The varibility associted w ih this conelbtion is
rEmoved from the differences, resultng i less uncertainty.

Hypothesis Testing
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