Review -Example
Considera tin e series of daily maxinum tem peratures for
January 1987 fiom two cites thatare cbse together.
® SeetebkA 1 W ik’'sAppendix A forthe valies.
® Answerthe question ‘are the m eans significantly different?’
There are severalw ays to go about this.
® Compute the m eans of each series, and determ e if the differences
s statistically different fiom zemo.
® Compute the differences and determ e if the m ean of the
differences s satistically different fiom zero.
® W hatare the prosand cons of each apprach?
Statistics thatm Hhtbe usefii] fordeterm ining w hich approach to use:
® Lag 1 conehton is 052 forone city, and 0 61 forthe other.
® Lag 1 conehtion i 0.076 forthe differences.
® Standard deviationsare 7.71,7 86, and 2 28°F .
® D ifference In themeans (end m ean of the differences) -1 9°F .

Hypothesis Testing:
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Exam ple Concluded

The Test Statdistics

Consterappmach usig the m ean of the tem perature differences.

® The difference in themeans is -1 9°F

® The uncertainty i (2 282 /26 6)*2 = 0 442°F

® Thezvalieis-429

Consterthe approach using the difference of the m eans.

® The difference n themeans -1 9°F

® The uncertainty & (7.712 /98 + 7.86% /7 5)*? = 3.78°F

® The zvalie is-0 502
W hy is the apprmach basad on the m ean of the differences’ so much
better than the otherapproach?
1) M ore ndependent points results 11 sm alleruncertainty in themean.
2) The cities are cbsely cated, <o there isa high conelation betw een
the tem peratires. The varibility associted w ih this conelbtion is
1emoved fiom the differences, resulting i less uncertainty.

Hypothesis Testing:

py/fam pus a1 edu
bouasse metfiuedu '@ The Florila Sate Uniersiy Goodnessof Fit3

G oodnessof Fit Tests

® T earlier ctres and assignm ents w e discussed som e sinple tests.
® Compare the range of the data to the range of the param etric
distribution.
® Arenegative values found?
® Can they be explhined by random noie?
® Are there other lin ing valies?
® Compare a histogram of the data to the theoretical param etric
distrbuton.
® U == the data to determ Tne the fitting param eters.

D istrbbution u=EX) o2 =VarX]
Binom il Np Np@-p)
G eom etric 1p L-p)/p?
NegativeBinom#l | k A-p)/p K 0-p)/p*
Poisson s
.- Hypothesis Testing:
@ The Firtia S Uniemsty p—"
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Exam ple C ontinued

® Ifwe ok atthe difference in the m eans of each city, then w e need to
detemm e the num berof ndependent data points foreach ciy.
® Forthe firstcity this 531 (1 -052) /(1 +052) = 9.8 days.
® Forthe2® citythis 831 (1 -061) /(L + 061) =75 days.
® Tfwework w ih the m ean of the paired differences, w e use the same
appmach to determ ine the num berof independent data poits.
® 31 1-0076)/(1+0076)=266
® Substantially betterthan w orking w ith the individualcites.
® Recallthat the difference In the m eans is the sam e 1n both approaches.
The consteration that changes is the uncertainty, which isa fimction
of the slandard devition (assum g a G aussin distribution) and the
num ber of ndependent data points.
® Recallthatthe sandard deviation in the differences is approxin ately
one thid the standard deviations for the non-differenced values.

Hypothesis Testing:
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M ET3220C & M ET6480
C om putational Statistics

H ypothesis Testing
Param etric tests:

G oodness of Fit
(Chapter52 3 of W ik’sbook)

Key Points:
1) y? Test
2)K-S Test
3) Filliben Q Q Conelhtn test

Hypothesis Testing:
Goodnessof Fitd

O bjective M easuresof G oodnessof Fit

® G oodnessof Fittests are unusualbecause the goal is often to support

the mullhypothesis.

® NullH ypothesis: The data are consistentw ith the hypothesized
distroution.

® Example ofwhy we don’tbase ourtests sokly on the range of the

data.

® Scintistsworking w ith satellite observations of radar backscatter
(the fiaction of the radar sgnal that retums to the satellie), w ere
greatly disturbed to find negative values. These values did not
m atch m odeled backscatter, w hich only allow ed positive values.

® Some peopk w ere ready to totally refpct the basis forthese m odels,
and come up w ith anew distdoution.

® Tnealty, the negative valies w ere consistentw ith very ow
signals and rehtively large random enor.

® TEisbetterto focuson the distrbution than subtle differences

acceptable bounds.
ek Hypothesis Testing:
The Floriia State Uniersty Goodnessof Fit6




x? Test

The y? test isa rehtively conmon and rehtively sinple test for
goodness of fit. Tt com pares values 1 an observed histogram o values
from a theoreticaldistrbution.
This test Tivolve partitoning the data o bins.
® Examplks:

® Probability ofw ind speeds 1 0 5m Abins.

® Probability of an annualnum berof lndfalling ttopical stom s.
The %? test Ismuch m ore natural for the second exam ple, because the
values are discrete, and easily binned. Rounding can be an issue when
the technigue is applisd to continuous disrbutions.
Contiuous data should be ntegrated overeach bin.

Hypothesis Testing:
Goodness of Fit7
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% Table:Confidence Liin its
for R ejection of NullH ypothesis

TABLE B3 Righttsil quaniles of the Chi-square distribuion. For large v, the Chi-square distribution

is approximately Gaussian. with mean » and variance 2v. e W ik’sTabkeB 3

‘Cumulative Probability

® The tabk gives the

050 090 095 099 0999 09999

0455 2706 3841 6635 10828 15137
1386 4605 5991 9210 13816
2366 6251 7815 11345
3357 2179 9488 1327
4ast 9236 o 15086

m hinum x?valies

required to rgctthe
nullhypothesis, asa
5308 10615 1592 los12 function of the
6346 20w 14067 18.475
734 13362 15507 2000
334 14684 16919
9342 15987 18307
10341 17215
11340 18549
1230 w812
133%
1439
15338

numberof degrees of
freedom .

Forlge valuiesof v,
the distrbution i

wihameanofvanda
standard devations of
2v.

Hypothesis Testing:
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Exam ple: Com paring G aussian and Gamm a

D istrdbbutionsto D ata
Calkukte the %2 values foreach disrbution.

X = Z(#obsavaif#expected)z
bim #expected
%?values are:
® 505 forthe Gamma disrbution
® 14 96 forthe G aussin distrbution
The num ber of degrees of freedom :
® v = numberofbins - number of fitting param eters — 1
® y=6-2-1=3
The null hypothesis w ould be
® Notrejpcted atthe 90% confidence lin i forthe G amm a distdbution,
® Repcted atthe 99% Iin it, butnotthe 99 9% Iin it forthe G aussin
Qistrbuton. v 030 090 095 0% 099 09999
l 0453 2706 T s63 10828 1513
2 1386 605 5991 9210 13316 13421
3 345 16266 :uo«‘

Hypothesis Testing:
Firll

2366 6251 73815

.@ herbrin

confidence lin fand the

approxin ately G aussian,

¥? Test Statistic

(#bserved — # expected)”
#expected
(#cbserved—nbin_widthPr{daminbin})’
nbin_w dthPr{daminbin}
Ifthemodel sagood fitto the data, then the 2 value w illbe ‘small.’
If the data is a poor fit, the ¥ 2 value w illbe much lrger.
® Thebis should span the entire range of the union of cbservations and
theoreticalvales.
® Tmustbe compkte.W e can’t Hnore the observations thatdon’t fit the
model!
® The numberofdegreesof fireedom (V) &:
v = num ber ofbins - num ber of fiting param eters — 1
® The testisalvaysone sided.
® Likelhoodsaregien nW ik’sTabkB 3.

=
\g|

X =

i F

Hypothesis Testing:
Goodness of Fit8
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Exam ple: Com paring G aussian and Gamm a
D istrbutionsto Data

® Consider50 years of January precipitation in Thica W ik’sexamplk5 3).

® Compare the fitsbased on G amm a and G aussin distrbutions.
® Detem ine the Fitting param eters foreach distrbution:

® o =376andf = 052 fortheGamma distrbution, and

® M eanofl 96" and standard deviation of 1 12"
® Ttesgate PD F's overeach bin, and m ultiply by 50 to getnum berof dbservations.

bins <1~ 1-15” | 15-2"| 2-25" | 25—-3"| 23"
O bserved num ber 5 16 10 7 7 5
GammaD istrb.:
Probability 016l 0215 0210 016l 0.108 0145
Expected 8.05 1075 1050 8.05 54 725
Gaussian D istrb.:
Pmobability 0195 0146 0173 0173 0132 0176
Expected 975 730 865 890 660 8380
Hypothesis Testing:
r@ The Floriia Sie Universiy G oodness of F10

W ord of Caution

® They? testdoesnot consider the consequences of uncertaity  andom
enors) 1 the observations. If these enors are large com pared to the bin
w th, the %2 test could be very m sleading!

Hypothesis Testing:
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K oIm ogorov-Sm imov and L illiefores T ests

The K -S test s anothercom m only applied test forgoodness of fit.

® Recallthatthe y? test com pared the observed and m odeled PD Fs.

® Tn contrast, the K -S test exam nes the observed and modeled CD Fs.

Nullhypothesis: the m odeled data is a satistically good fitto the

observed data.

e Ifourteststatistc is too rge, then the nullhypothesis s refected .

Note that the K -S test isusually a m ore sensitive test than the y? test.

® Particubrly so forcontinuous distrbutions.

Note that the K -S test isnot applicable w hen the fitting param eters are

determ ined from the cbservations.

e Since fitting param eterare often determ Ined 1n this fashion, this
consideration is a very serbus constait!

Themodified K S test, orLilliefores test (Lilliefores 1967), canbe

(conectly) applied w hen the fitting param eters are determ ned fiom the

observations.

hitp ;/fam pus

Hypothesis Testing:
Goodness of Fit13

L {Hefores Tests C riticalV alues

® The crticalvalies forthe Lilliefores test are dependenton the
theoreticaldistribution.

® Cridcalvalies have been determ ined (Crutcher1975) forGamma
distrbutions
® Recallthat o is the shape param eter.

K oIm ogorov-Sm imov and L illiefores T ests

® The test statistic is the absolute valie of the lrgest difference betw een
the observed and m odeled CDF .
e The differences are calubted only forthe CD F values
oconesponding to each cbservation.
® Note that the data does not have to be binned
® The teststatistc canbew riten asD = max[CD F () - CDF, 40 &) |
® WhereCDF, () =1i/n
® W herex, isthe # smallestvaluie. Think of the seriesx as sorted from
amallest to lrgestvalies.
® The teststatistics D) is com pared to a critical (€ ) valie that sa
fimetion of the confidence lin itand the rum berof observatons ).
® IFD > C then the nullhypothests i refeted.

K

Ceeper———
Vn+o012+011/n

® WhereK =1224,1358,and 1628 ora = 010,005,and 0.01.

Hypothesis Testing:
Goodness of Fit14

FortheK -S testonly.
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L iliefores Test Exam ple

® The Lilliefores test is applied to tw o fits to precipiation observations
® Obsewatonsare from Tthica in January
® Theoreticaldistrbutions are G amm a and G aussin.
® n=50 (kxgen colmn on previbus tebk)

1.0
08 3
20% level 10% level Skl =5 4 ‘
2 a=3 n n=2 n=30 lugen gt ¥ - _D,=0068 ~_ D,=0431
0152 084/¢/n 0185 0169  095//n 0204 0184 1L0S/Vn 0.4 2 T ¢ & 5
59 81/yn 9l/yn 019 0175 097/Vn f . -
me e Wk ER oo BG G we o 08 0% O G o
0146 0.134 075’r\/'n 0164 0148 083/yn 0178 0163 091/yn 0191 1.06/yn 6 0=3.76, }=0.52 p=196" 0=1.12
: 74/gn 0159 0146 08I/Jn 0073 0161 089/Va 0187 1L04/yn 8+ T T T T T T T T
N o omews o o ousws o om omeva omo ow imive T I TR T T T T
Precipitation, inches Precipitation, inches
e ForGaussen ditrbutonsuse the @ = © 1w . Gaussin:C (5% ) = 0886 /50*# = 0125and C (1% ) = 1.031 /50*# = 0146
Gamma:C (0% ) = 075 / 502 = 0106
W hy isa20% chance of false refection betterthan a 5% chance?
ethods  the.
Hypothesis Testing: t s e - Hypothesis Testing:
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Review ofH ypotheses G raphical Exam ple of H ypotheses
® Thenullhypothesis H,). ® The nullhypothesis togetherw ith the altemative
® The nullhypothesis is partofa bgialstucture w hich isused to Reality hypothesis describe all outtom es related to the
exam Tne the test statistic. question.
® The nullhypothesis is often designed as the com plin ent to what ® Theboxes to the kft describe two possble
wewould Ike to test for. Null states:
® Examplk: sudentA notsatstically tallerthan sidentB . Hypothesis

® The nullhypothesis is conect, or

® The altemative hypothesis is comect.

® There sno altermative outtom e, and both
A temative hypotheses cannotbe conect.

® Example:Any rate of tem peranire change i eithernegative or
‘positive and statistically indistinguishable from zew’.
® The altemative hypothesis ).
e Thishypothesis is the com plin entof the mullhypothesis.

® Example: the mullhypothesis in not tue. Hypothesis o Daﬂaana];/'SE‘ i LAlKA statistics) )canbeuadl oty
e 2 mow complicated hypothesis possbk. to deterim ine w hich of the hypotheses is true.
® H int: think aboutw hether i is easier to clearly sate null
hypothesis oran altemative hypothests, then define the other
hypothesis as the com plin entof the one that ism ore easily
defined.
http //am pus fiu edu, Hypothesis Testing: http 3//am pus fiu edu, Hypothesis Testing:
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Reality About

Reality About

G raphical Exam ple of Perception

or exam ple of statistical nference
Statist ®  Statistical testing can be used to eitheracceptor

efpet the nullhypothesis.
_Inference ® Repctthe nullhypothesis is the sam e as acospt
Null the altemative hypothesis.
Hypothesis ® Theboxes to the eft describe tw o possble outtom e
isaccepted ofthe satdstical test:
e The nullhypothesis is accepted, or
) ® The altemative hypothesis is acospted.
:ypo me ® There Eno altemative outoom e, and both
. ed hypotheses cannot be conect.
® So where does statistical confidence g., the

chance of a fale rejeetion of the nullhypothesis)

com e Into play?
® Y ouneed to combine the reality and satistical
Inference cases.
http //am pus fa edu, Hypothesis Testing:
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Putting it T ogether

Statistical nference  ° T3e8liy, ther & two possbilites
AboutNullHypothesis 0 themllhypothesss:
; ® Tistme,or
Acoped | Refected o Tifile.
® There are also tw o possibilities for
our statistical nference (perception)
about the null hypothesis:
® Ttistwe (acospted), or
° Tisfale (epcted).

thesis
Tme

NullH
False

hitp ;/am pus 21 edu,
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Puttng it Together

Statistcal Thf e ° Tn reality, there are tw o possbilides

. about the null hypothesis:
ADboutN ullH ypothesis . veo
- ¢ Tistue,or
Accepted Rejected ° T .
@ g Co False ® There are alo tw o possibilites for
8| & |Acoptance| REFER oursatistical inference (perception)
Q o) about the nullhypothesis:
o ® Tistme (accepted), or
= Falke o Lisfale gefpoed)
E -% Acoptance| COPE . o .
Z| = Rejcton |® Combining realty w ith perception
® resulsn4 2x2) possble outcomes:
® Comectacceptance,
® Conectrefction,
® Fake refpeton (ype Ienon), and
® Fale acceptance (type ITenor).
http y/=m pus fau adu Hypothesis Testing:
bowassae m etfau edu ’@ The Florida State Universty Goodness of Fi£23

Putting it T ogether
® nrealiy, there are tw o possbilides
about the null hypothesis:
e Ttistme,or
° ILisfale.

Hypothesis Testing:

bowasse m et edu Goodness of Fit20
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Putting it T ogether

Statistical nference  © T3e8liy, ther & two possbilites
AboutNullHypothesis 0 themllhypothesks:
; ® Ttistwe,or
A coepted Refoted R
® There are also tw o possibilities for
our statistical nference (perception)
about the null hypothesis:
® Ttistwe (acospted), or
° Tisfale (epcted).
® Combining reality w ith perception
results n 4 (2x2) possble outrom es:
® Conectacceptance,
® Conectrefcton,
® Fale refcton (ype Ienor), and
® Falke acoeptance (ype Ienor).

l@ The Florida State Uniersty

thesis
Tme

Reality About
NullH
False
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Thinking About It

Statistical i e ® Twehavea5% chanceofa fale
refection, is the chance of conect

AboutN ullH ypothesis acceptance equalto 95% ?

Acoped Repcted | o If 50, then the oddsof a conect
o @ Falee acceptance plus the odds of a false
5 Eg A;‘;‘?&t Repctin 1efpotion isequalto one.
é Q @) ® ClXarly the answerisno, because
thatwould mean there 5N O
% 5 False CHANCE ofa falke acceptance ora
g :S-% A cosptance RC‘?‘ZB,Ct comect rejection.
== ) ? ® Theoddsof
® Conectacceptance, plis
® nthisapplicatin, wetypially take e Conectrefctin, plis
the Realty tmeorfale o beether o Fale recton, plis
ZEI0 Orone. o Fake
hitp /fm pus S du, are equal H ypofhesis Testing:
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distribut

Q-Q Test

Hy is rejected if the

0.5% level

60

912

938
949
959
965
969
973
976
9787
0888
9924

15 level

917
950
964
o
977
980
982
984
985
9870
9930
9952
9970
9982

10% level

934
960
970
o717
981
983
985
987
988
9893
9942
9960
9975
9985

kaW

W Soss:
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® A very wbusttest fora G aussin disrbution is often needed.

® Com parisonsbasad on the coneltion of the observation-oased
quantiles and G aussin quantiles are very wbust O ‘Agustino 1986).
TABLE 5.3 Critical values for the Filliben (1975) test for Gaussian
. based on the Q-Q plot correlatic
is smaller than the appropriate critical value.
5% ]e\il

e Fillben (1975) devebped a

sinplified (end aln ostas effective)

test.

® The data value of the data are
phbtted on the dependent axis,
and the G aussian quantiles are
pbtted on the Independent

axas.

® The null hypothests, that the data

has a G aussen distrbution, is
refpeted if the comelation is kess
thatthe value 1 the abke.

ehods b hensyG@R scins Hypothesis Testhg:
il Goodness of Fi£25

tion, or In(precipitation)

Exam pleof Fillbben Q Q Test

6 L x precipitation (r=0.917) *

© In (precipitation) (r=0.987)
T T T T
2 0 i 2

-2 -
Standard Gaussian Quantile, z

hitp y/éam pus.fiu ey
bourass m etfa sdu
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® Exam e if the January
precpiation data fiom Thica
canbemodeled asG aussin.

® TestStat:Q-Q conehton

H,:Gaussbn distrbution

H, :NotG aussin

Confidence: 5% fale refection

NullD istriution: fiom tzblk,

crifcalvalie of 0 977.

Result:H, repcted

Exam ine if the disdoution is

gnomal, w ih the same test,

exceptthatw e are now

exam ning g forecp) .

® Result:Haccepted.

Hypothesis Testing:
Goodness of Fi£26
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