- & ) z‘)
4 ~ ;jrw"hdfiud“ 10
|

@WE%L\\’LE’&?M&Q MM ‘ @ ﬁlﬂﬂ%} Lo % Mr{ ;
| Nuvericod stk of
jwjﬁ_ 4’%9@@5&%'&1@ /M Qu

lechawion & wende Row as T A s e (,m{/“

e

Cfﬂ%&f&vw% rjiﬁam;zﬁﬁg Ciﬁ, “'W‘QFQ{}@M , 2 F@w:iwu:} ,
’i‘c W\&Qﬁum \ (/ﬁ e QEMQJ u‘@z%eci&‘ e /éréaz{“ae&m cif w@aﬁa(ﬁ ;

O bl fe puicple ek o b duec
‘é;?;&%li Cetny 05 W\’ﬁ’m)ﬁ\ m ) ’5%’23(% L ane 'ZL'A@(? @\@@&«L«i )

(%Tj are W /{ecﬁ* owaa@ve&\, ak M dend, »eet

T f\w,\}( ‘zw@fw/s )y oQU&ﬁf )&’fé,ﬁ.u&{ Jhiy /é?j amaﬁj/x,,

{

A ﬁl\ﬁ)}‘k& ’tkgmﬁ a a Mm ﬁ %1&.ﬁ_wkmcﬂbg
_T%Drwha% , Heolocodd . gmz\ a el wale, Ué.

,,./lﬂcﬁ o f’({w MLJ{ d&m \T]L;}) f\fmmif ol M\JQ&B'

@ @mdz% , audd  a@s (i’amys«é’e,% Ao {fzwx&vﬁ@; -
B3's Jg Q,g(-d@em’ew@ag%ﬁ FM ” ¢ "Duﬁftew ??Q)

| \)VQ\m\r’ rofe.  Qloey ‘m o Tﬁim W‘E\ /@gbe_,

._Q&L LCWTME\ CClL .{“70'?/{& Cﬂé “YN Eatery vé}7 U {!LL o&

M M& Wctﬂew«lﬁcmﬁ ,/Vw{?c%t’“ Voo S eﬁtf.uzc el 9;

QM‘U& B ogrﬁ’its\‘f\ ,@/%H\M Cor C}Y\@”“sal"‘&w ,f @@WQA eéjf -

O e 6w sl e dffends freo e

L calenlelin it a sl of Mﬁ@ o e docde node
TV o becnun c,j{ e Aubed @j{ Chex Qf’@u&iﬁw

i t?ﬁ,&f tk Con 7’»&&’” a,if twm& Wﬁuu,, ,é tﬁ L,uj/\,wv’tej




! éag’y&. au«i @Wﬁ'\fﬁﬁﬁtw &7[) waili /§1[ emalrecal. 5%‘2@&3&65 e _

</
. ~ g ’
1 CWM[ LLM&Q_ (i%(%w M %’U‘; Wk@ﬂ&b&\@d\.ﬂ W%Z&

JlaBonshial analpis &> mctelrin by

C?C/V-J’Wijﬂwﬂ;c ﬁfégzz;i Rt M&?&g , % ffc_td/nwcg Ofy’zwf ur@“—a
By Aseritle. &7@»&%&1’% Arerped], fﬁwvmw “_

R "D(éa Z‘e&t ’Z@J"Zﬁ}/ )ﬁicmy%aﬁ. fuﬁzeem d@ (/t ”@»’Lj r;;

| z@%@ﬂu sten iéz m«d’c% cou. Le VZ%’,&?M amd ko
—_— 7 ‘

o | ,c,wdiﬁ w% 5 éﬁu RETSY Y ¢ %E%e , %ﬁaiﬁiﬁ Ui

OQQ»U)&%@La cm&immu m‘ﬂxa .

R 0 On e off huud, i compshahinel  phuoiin
_____ e melmskid  pgmbi of Crandy, Sgmebsy ad
| a Sl ube, jﬁ peniellis  an 24_@_}_% Hewmenoteod

P

o Vé eneu ce cﬁj &{-"Q @%@v) ZAt,fuoé ey »ézﬂ S
doscnded A O (%3 o P b foil ad

7

| dinele o %J{ e W\ ! oﬁimma@xh?r ALy el %ﬁm

i
[ ———
i
i

i i
N

) JS m con.  todindeds e A 5

M%wm%&/; :
| B . )&U\dhj Cf g - [ ccewn M@,@z;ﬂ’,}
Hownen | Buclihicl o morical mocel m oy mmockl, acl
b clecbed gtk He kel wceole]

= Apicakin to Flud DPugpanca




) i )«:Q C’ffﬁaé{“t :}Ca\c,m\

s

The central process in CFD is the process of discretization, i.e. the process of taking
differential equations with an infinite number of degrees of freedom, and reducing it

to a system of finite degrees of freedom. Hence, instead of determining the solution

everywhere and for all times, we will be satisfied with its calculation at a finite number e

of locations and at specified time intervals. The partial differential equations are then
reduced to a system of algebraic equations that can be solved on a computer.

Errors creep in during the discretization process. The nature and characteristics ..

of the errors must be controlled in order to ensure that 1) we are solving the correct

equations (consistency property), and 2) that the error can be decreased as we increase -

the number of degrees of freedom (stability and convegence). Once these two criteria are

a numerically reliable fashion.

Various discretization schemes have been developed to cope with a variety of issues.

‘The most notable for our purposes are: finite difference methods, finite volume methods,
finite element methods, and spectral methods.

1.2.1 Finite Difference Method

Finite difference replace the infinitesimal limiting process of derivative calculation

with a finite limiting process,i.e.

Fl(z) ~ f(“AA”z nAC) +O(Ax) (1.2)

The term O(Az) gives an indication of the magnitude of the error as a function of the
mesh spacing. In this instance, the error is halfed if the grid spacing, Az is halved, and

we say that this is a first order method. Most FDM used in practice are at least second
order accurate except in very special circumstances. We will concentrate mostly on

finite difference methods since they are still among the most popular numerical methods

for the solution of PDE’s because of their simplicity, efficiency, low computational cost,
and ease of analysis. Their major drawback is in their geometric inflexibility which

complicates their applications to general complex domains. These can be alleviated by
the use of either mapping techniques and/or masking to fit the computational mesh to

the computational domain.

1.2.2 Finite Element Method

The finite element method was designed to deal with problem with complicated compu-
tational regions. The PDE is first recast into a variational form which essentially forces

the mean error to be small everywhere. The discretization step proceeds by dividing the
computational domain into elements of triangular or rectangular shape. The solution

within each element is interpolated with a polynomial of usually low order. Again, the
unknowns are the solution at the collocation points. The CFD community adopted the
FEM in the 1980’s when reliable methods far dealing with advection dominated problems
were devised. ’

established, the power of computing machines can be leveraged to solve the problem in -~




1.2.3  Spectral Methods

Both finite element and finite difference methods are low order methods, usually of 2nd-
4th order, and have local approximation property. By local we mean that a particular
collocation point is affected by a limited number of points around it, In contrast, spectral
method have global approximation property. The interpolation functions, either polyno-
mials or trigonomic functions are global in nature. Their main benefits is in the rate of
convergence which depends on the smoothness of the solution (i.e. how many continuous
derivatives does it admit). For infinitely smooth solution, the error decreases exponen-
tially, i.e. faster than algebraic. Spectral methods are mostly used in the computations of
homogeneous turbulence, and require relatively simple geometries. Atmospheric mode]
have also adopted spectral methods because of their convergence properties and the
regular spherical shape of their computational domain.

1.2.4 Finite Volume Methods

Finite volume methods are primarily used in aerodynamics applications where strong
shocks and discontinuities in the solution occur. Finite volume method solves an integral
form of the governing equations so that local continuity property do not have to hold.

1.2.5 Computational Cost

The CPU time to solve the system of equations differ substantially from method to
method. Finite differences are usually the cheapest on a per grid point basis followed
by the finite element method and spectral method. However, a per grid point basis
comparison is a little like comparing apple and oranges. Spectral methods deliver more
accuracy on a per grid point basis than either FEM or FDM., The comparison is more
meaningfull if the question is recast as ”what is the computational cost to achieve a given
error tolerance?”. The problem becomes one of defining the error measure which is a
complicated task in general situations.




